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FOREWORD

An Advisory Group Meeting on "Mathematical Models for Interpretation of

Tracer Data in Groundwater Hydrology" was convened during 17 to 21 September

1984.

The meeting had the overall objective of discussing in detail the

methodologies and approaches in the development of mathematical models for

quantitative evaluations of tracer data in groundwater hydrology and reviewing

the recent advances in this field. Invited review papers and working

documents presented together with the discussions held throughout the meeting

were aimed to provide:

(i) A thorough review of the existing methodologies that could be

practically employed for quantitative interpretation of tracer data

for various hydrological problems involved in groundwater systems.

(ii) Detailed appraisal of limitations and data requirements for different

possible approaches in development of mathematical models for a

tracer case.

(iii) Basis and framework for further developments and research needed in

this field.

The present publication brings together the review papers, working papers

and conclusions. Furthermore, the meeting noted that the use of different

existing and potentially available approaches and methodologies are very much

governed by various factors such as the type of aquifer systems considered,

the size and scale of tracer experiments, the extent and availability of basic

data on relevant hydrological, geological and hydrogeological parameters,

etc. Thus, a general critical review on the subject of the mathematical

models and approaches for quantitative interpretation of tracer data was made

during the meeting a summary of which is also presented in this publication

together with the conclusions.

The manuscript of this Technical Document received no editorial treatment

by the Agency.
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ROLE OF TRACER METHODS IN HYDROLOGY
AS A SOURCE OF PHYSICAL INFORMATION.
BASIC CONCEPTS AND DEFINITIONS.
TIME RELATIONSHIP IN DYNAMIC SYSTEMS

A. NIR
The Jacob Blaustein Institute for Desert Research,
Ben-Gurion University of the Negev, Sede Boker
and
The Weizmann Institute of Science,
Rehovot

Israel

Abstract

The paper provides a general review on the systems theory approach for

the tracer methodology, indicating also the relations of the system theory

to other available approaches such as deterministic mechanism description

and stochastic approaches. Methodology and formulations of systems approach

as applied to tracer use in steady-state cases are discussed. Extension of

the systems approach for tracer use in non-steady-state cases and

input-output relationships for time varying systems are also given.

1. INTRODUCTION

In this paper we present a set of definitions and classifications pertaining to the tracer

theory. The objective of this presentation is to facilitate communication and to compare

different approaches to tracer theory and applications. We should realize, however, that

these definitions and classifications cannot be used as axioms and there is no attempt to

present the tracer theory as a deductive science. In practice we should compare this ap-

proach to alternative ones, and judge their relative merits by their usefulness in developing

a viable theory and in the valid description of tracer behaviour in nature. The justifica-

tion for the approach proposed here is in its usefulness in providing a clear and common

language for the description of tracer-related concepts and in serving as a bridge to the

existing theoretical methods of geosciences.

The material presented here is based on several sources which .should be used for more

complete discussion, examples and references. Section.2 is based on Chapter 2 of: Nir,.A.

and Kirk. B. Lectures on Tracer theory with Applicatons in Geouciencet, ORNL-5695/P1,
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Oak Ridge, 1982. Section 3 is based on Chapter 4 of the above reference. Section 4 is

based on the article by Lewis, S. and Nir, A. "On Tracer Theory in Geophysical Systems

in the Steady and Non-Steady State": TcllJzi, 30, 260, 1978. These will be referred to as

(NK, 82) and (LN, 78). respectively. In order to facilitate reference to these publications,

the subsection and equation numbering was preserved, as far as possible.

There are 3 accepted approaches to tracer theory: deterministic mechanism description,

stochastic approach and systems theory approach. This presentation describes the systems

theory approach, while indicating its relation to the alternative ones. These are discussed

in other contributions to this monograph.

Tracers and elementary system concepts and definitions are discussed in Section 2. It

demonstrates the role of tracers in increasing the understanding of a "black box' system

There is no attempt to introduce formal system.analysis procedure and while a familiarity

with it is useful, the reader should be able to get along without additional study of this

subject. Section 3 introduces the formalism of systems approach applied to tracer use in

the steady state. The objective of this presentation is to introduce the reader to a general

methodology of dealing with tracers. It is not a complete presentation of the subject,

but rather an indication of the recent ideas and their applications in this area. Section 4

demonstrates its extension to non-steady state.

2. TRACERS AS SOURCES OF PHYSICAL INFORMATION

2.1 DEFINITIONS: SYSTEMS AND SYSTEM RELATED CONCEPTS

2.L1 Introduction

In this chapter we will try to demonstrate the general statements made in Chapter

1 about the capabilities of tracers to add. information on the physical properties of the

system under investigation. In order to discuss this subject in a more precise manner we

will define some of the commonly used concepts.

These concepts are related to systems and their components. They follow some of

the commonly used definitions in systems theory (Wiegert, 1972) but are used here rather

informally for the purpose of the development of tracer theory. We start however with some

examples of systems in geosciences in order to relate the definitions to our experience.

Let us consider a hydrologic basin which includes surface and subsurface flow areas,

draining into a river which subsequently feeds a lake. 'We can consider this hydrologic

area as a system for our purposes. The lake itself would be a subsystem, which may be

further subdivided into its components or elementary subsystems such as epilimnion and
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hypolimnion or horizontal subareas. However if we do not wish to consider any subdivisions

of the lake within our model it will become itself an elementary component of our system

(or an element). It may be characterized by its volume, which may be constant, V, or time

dependent V(t).

A constant volume would in this case be considered a fixed parameter while a variable

volume would be considered a state variable. Other types of variables in a system would be

the flow or flux variables, e.g., input flow into the Lake, qin(t), and output flow, qnout(t).

These again can be constant or time dependent.

The flow variables refer to the flow of matter through the system. The matter need

not be homogeneous but may include several components. It is convenient to divide these

into major and minor components. In our case, clearly the major component is water.

Minor components could be, depending on our interests, oxygen, dissolved salts, .nutrients,

suspended sediments, etc. Tracers, as defined below, could be related to the major or minor

components, often referred to as bulk components.

System elements are characterized by system response functions, h(r), which relate the

output variables to the input and state variables. These concepts will be discussed in more

detail in subsequent parts.

The definitions given below will be followed by some:additional comments and examples.

The reader may find it useful to refer to these informal definitions occasionally during:the

study of subsequent chapters.

2.L2 Definitions (Informal)

a. System - assembly of elements having common flow of matter. (or momentum,

energy. etc.) and interconnections which affect the flow. A system may be divided

into subsystems and these in turn into elements (See Fig. 2.1.).

b. Elementary component of a system or system element - the smallest or elemen-

tary subsystem. not further subdivided. in system theory we regard it as the basic

linkage between causes (inputs) and the corresponding effects (outputs).

c. Components of matter:

Major components

Minor components

Tracers

d. Characteristics of major or minor components:

1. Components of matter have specific different physical and chemical charac-

teristics;
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2. Changes in quantity of these components may affect the behavior of the

system.

e. Characteristics of tracers:

1. Minute amounts otmatrer having similar physical and dynamic characteristics

(to a satisfactory degree) as those of one of the major or minor components of

matter; alternately, having common. ho(r), the composition system response

function (see Sec. 3).

2. Changes in their concentration do not affect the behavior of the other com-

ponents;

3. Changes of concentration are measurable.

SYSTEM

SUBSYSTEM SUBSYSTEM

ELEMENTS I

L

Fig. 21. System, subsystem-and elements.

Classification of time dependence of variables

(state variables, flow variables, parameters)

TIME DEPENDENT TIME INDEPENDENT ICONSTANTI

STOCHASTIC DETERMINISTIC

STATIONARY NONSTATIONARY

PURE RANDOM NONPURE RANDOM DETERMINISTIC TREND NONDETE RMINISTIC TREND

Fig. 22. Classification of time dependence

Classification of flow (flux) variables

a. qn, = qo, = 0 (closed system; static scate)

b. qn 0 (open system; dynamic state)

1. Gin, = qout = q (steady state)

2. qn = Qin(t),qot = qot(tl (nonsteady, time dependent state) For further

classification of time dependence see Fig. 2.2
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System response classification

lumped distributed

time invariant h(r) 1h(z,, r)

time varying h(r, ) h(z, r;t)

Non-linear response occurs when h is a function of q(t), e.g., h(r,q(t)). Example: A

compartmental system response function is h(r) = Ae- xr. It is lumped, time invariant and

linear, (NK, 82).

Elementary concepts of systems analysis

The theory which investigates the relation between input and output of a system, in terms

of a unit impulse response (also referred to as system response), is. known as systems theory.

The systems approach does not need to consider the internal structure of the system, which

may be considered a black (unknown) box for the purpose of relating input to output. It

is fully described by the system response function, h(r). Some elementary concepts and

definitions are illustrated in Fig. 2.3.

INPUT SYSTEM RESPONSE OUTPUT

qin(t) h(r) ---- ou(t)

DETECTION IDENTIFICATION PREDICTION

Fig. 23. Elementary concepts of sytems.analysis

21L3 Some further comments on the definitions

The definitions of a tracer refer to an "ideal' tracer. They serve as guidelines to

tracer selection and design of tracer experiments. They should not be confused with trace

elements, which are characterized by the lack of corresponding bulk components and con-

sequently-their behavior depends on their concentration.

The similarity of dynamic characteristics with those of the traced component may

extend to all the physical, chemical, and biological interactions. Whether this condition.is

fulfilled to a satisfactory degree requires specific examination in each case.

The distinction between major or minor components.is not always as unambiguous as

is the case of natural waters. If we look at the air for example, both oxygen and. nitrogen

would be classified as major components, however CO2 with an abundance of 0.03% may

be classified as a minor component. If our objective is to trace CO2 dynamics, 4CO2

will satisfy to any required precision the requirements of a tracer with respect to CO2,

if we can correct for or are justified to neglect the radioactive deca and isotope effects.
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These latter will appear mainly at phase transition and at physical boundaries, e.g., air-

water interface. CO2 is sometimes referred to as -mother substance" of 4CO2 (Bergner,

1967) to emphasize that type of relationship. l4CO, was sometimes used as a tracer of

atmospheric air motion (Reiter 1971). However its ability to do so depends on the extent

that C02 follows closely the air:motion. " CO2 is also an acceptable tracer of ground water

movement, however it is only partially useful in carbonaceous aquifers as CO2 interacts

chemically with the carbonates while water is not measurably affected by it.

Tritium as HTO was a useful tracer of atmospheric moisture, in the period following

atmospheric nuclear explosions of the 1960's and could trace, for example, the mixing of

higher concentration stratospheric moisture with that evaporating from open water bodies.

Under favorable nonmixing conditions it can trace trajectories of constant moisture air

parcels. Tritium is also a good tracer of groundwaters under most practical conditions.

Neither "C nor tritium affect in any measureable way the physico-chemical properties

of their mother substances. CO2 and H 20 respectively, within the whole range of their

expected variations. However, normal changes of moisture concentrations in air affect

significantly its thermodynamic state and changes of atmospheric CO by a-factor of.2

may affect the global heat balance (Clark, 1982). Thus they do not satisfy requirement

(e.2) of the tracer definition and should therefore be classified as minor components.

The characteristic e.l excludes certain.applications of an important family of tracers

mentioned above: the stable isotope tracers, such as 2H, 180 and 'lC, when used as

isotope effect indicators. Their application is then based on a very precise knowledge of

the small deviations of h(r) of the tracer from the corresponding values of h(r) of the bulk

components. These occur usually under phase transitions, physical boundary crossings or

chemical bond changes. Information about system structure and parameters is deduced

from the values of these deviations or their ratios for different isotopes. This method

requires a separate theoretical and experimental approach, described in other references,

e.g. Gat and Gonfiantini, 1982. We can summarie our interpretation of the ideal tracer

by assuming that it will not affect in a measurable way the fluxes of mass, momentum or

heat. However, in the information demain. there will be a significant change in the entropy

of the information system.' This effect is demonstrated.in the subsequent discussion of

Table 2.1; the information about the input and output of the tracer experiments reduces

the number of possible structures and mechanisms in the investigated system.

l Here we neglected the finite amount of energy required for measurement and for infor-

mation transfer.
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Another important conclusion is the linearity of the ensuing equations involving tracer

quantities. As the ideal tracer does not influence system behavior, the superposition of

tracer experiments can be described by linear equations and linear system theory. The

linearity of the tracer equations can not be interpreted as linearity of the major and minor

components which are traced.

2.1.4 Elementary system components (or elements); Compartments

We define elementary system components (or system elements) by our abilty to observe

its input and output only, but not its internal structure. They can be lumped or distributed.

The response of a lumped element of a system to an input pulse, depends only on time

coordinate r, while in a distributed system it depends on space coordinates as well, z,.

A well mixed lake is an example of a lumped element as the concentration of a tracer in

the outflow will depend on time only and not on the place of sampling. A groundwater

aquifer will have as a rule a varying concentration throughout its extent. It may be

regarded as a lumped system if the input is concentrated at a certain area or if its space

distribution is constant and we observe the output at some particular point of space such

as streamflow at a particular gaging station. An extensive discussion of the conditions

under which a hydrologic system may be regarded as lumped or distributed is given by

Eagleson (1969). One often finds in the literature a different definition, where all system

elements are considered to be mixed compartments. while the subsystems and systems are

combinations of such compartments. This is not the definition adopted here, and mixed

compartments are considered here as singular examples of system elements.

2.1.5 Element variables and their time behavior

An example of a parameter of an element is a constant volume of a lake, the lake

being the element in this case. In many instances the volume fluctuations due to vary-

ing inputs and outputs are a small fraction of total volume and we may consider the

volume constant without affecting the precision of our calculations. In other cases the

volume may undergo yearly fluctuations of a well predictable amplitude; in this case the

volume will be time dependent and deterministic. If an unpredictable random fluctua-

tion due to floods, draughts, etc., is added to the predictable cycle, we will regard the

behavior as stochastic. Further discussion of the stochastic behavior is found in LN, 78.

2.1.6 Flow variables

Flow variables are of special importance in determining the behavior of a system. For

simplicity we consider only a single input, q,, and a single output qo,,. A static (closed)

system is generally of limited interest in tracer theory, but is of interest in dating applica-
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tions: when a rock subject to dating by Potassium-Argon.method is assumed to retainall

the radiogenic Argon, we exclude fows from the system. However, a lake with a constant

volume due to equal inflows and outflows, is in a steady dynamic state. In practice we

usually encounter nonsteady state with the flows exhibiting a combination of deterministic

and stochastic behavior, however, the actual classification may depend on the time scale

of observation and the required precision.

2.1.7 System analysis

Only a few elementary definitions are given here to serve as a basis for more complete

definitions and explanations given in the following chapters. To each system element we

can assign a system response function (or weighting function) h(r), which transforms the

input q,n(t) into the output, qo,,t(t) see Fig. 2.3. The-action of determining the input,

knowing the system responses and the output, is named detection; determining the output,

knowing input and system response, is a prediction; and determining the system response

when input and output are known, is a system identification.

Objections are often expressed regarding the system approach in that its formalism

does not give us any insight into the mechanism of the processes described by it. As we

will see in the next section, the use of tracers provides a tool to bridge this gap between the

formal system approach and the details of-the mechanism. The system approach does not

prevent us from achieving a detailed physical. chemical and biological description of 'the

mechanisms involved - it provides a framework which may be systematically filled in with

detailed mechanisms of interactions, when these become available. However, the advantage

of the system approach is that we may proceed in the description of many processes in

geosciences, without filling in the details of interactions. We find that for many of our

specific needs, the knowledge of the detailed interactions may not be necessary. The theory

and applications of this approach are described in the subsequent sections.

2.2 TRACERS AS SOURCES OF PHYSICAL INFORMATION ABOUT AN UNKNOWN

SYSTEM

In order to demonstrate the capability of tracers to provide information additional to

that obtained from bulk flow experiments, and in particular their potential to provide

physical insight into the "black box" or system interpretation, we will perform a series

of simple hypothetical tracer experiments on an unknown system. These experiments are

summed up in Table 2.1.

We assume that the system to be analyzed has a volume V, and for simplicity, one input

qi, and one output qo,,t. We assume one major component of flow designated here by bulk
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flow. A tracer may be added at the input and its concentration measured at the output.

We will try to deduce information from these tracer experiments about progressively more

complicated internal structures and flow regimes through this system. Mathematical back-

ground and justification of the formulas appearing in Table 2.1 is given in more detail..in

Chapter 3 of NK,82 (Some useful mathematical formulas and techniques); however, the

principle should be clear without mathematical proofs.

Table 2.1
INFLOW

Qi<1l -- UNKNOWN SYSTEM
1- - -- - -

OUTFLOW q(): FLUX
qoutt) V: VOLUME

TYPE OF FLOW INPUT OUTPUT
POSSIBILE 0EDUCTION ABOUT THE

SYSTEM (ENGINEERING VIEYW

1. BULK FLOW OPEN SYSTEM
1.1 STEADY FLOW - i' NO ELASTIC EFFECTS

1.2 NONSTEADY FLOW qint '- Vin(t u ' VoQ6,1 J V.l6(t V6(t) NO INERTIAL EFFECTS
Vou = V in SYSTEM PARAMETERS CONSTANT

2. TRACER FLOW (SUPER.
IMPOSED ON STEADY
BULK FLOW]

2.1

2.2

2.3

2.4

2.5

2.b

I I
i t

0

6(It

6i;)

^It)

C.ut)

F >
I I
I I
I I

DENSELY PACKED, HOMOGENEOUS
MEDIUM

PISTON (PLUG) FLOW

VQ c.r 

F. AVG. TRACER TRANSIT TIME0 TO

A(t-T]

kexpi-Xtl

iX21 xpi-)X.t

UNIFORMLY MIXED COMPARTMENT

V.-V" -B-

2 UNIFORMLY MIXED EQUAL
COMPARTMENTS IN SERIES

~2; ~ 2
V )

n1l MIXED EQUAL
COMPARTMENTS

MIXING, TURBULENT OR DIFFUSIVE

in+l) n+l
V--X -X

UNiFQRM DISPERSIVE OR
DIFFUSIVE SYSTEM.
DISPERSION COEF. <D/v
OPEN SYSTEM.V . qr,

' x 2Dr-- + -
v V2

sit)

&It)

I" t rxp(-11)

n#

V exp[- (1W1 
4D1

LAMINAR FLOW IN RADIAL
CONDUIT

RELATIONS BETWEEN PRESSURE
AND RADIUS. ASSUMING KNOWN
FLUID VISCOSITY.

', e
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The first experiment described in Table 2.1 consists of measurements of bulk flow at

input and output, without any tracer information. Case L1 describes a steady flow con-

dition, while L2 describes the response of this hypothetical system to an instantaneous

(delta function) input of a volume V, as time 0, given by Vin6(t). This is an example of

bulk quantity response of a system, with no relation between the composition of the input

and output. However, in the six cases, 21-2.6 of this table, we are concerned with steady

bulk flow only and with the composition response.

The deductions about this system are summed up in the-right-hand column of Table 2.1.

While this system cannot be physically realized in all exactness it may be approximated

by any of the 6 physical models 2.1 to 2.6. These 6 models are suggested by 6 different

outcomes of tracer experiments described below. Clearly these 6 physical models are a

selection-from an infinite variety of models which would be consistent with this experiment,

were it based on observations of balk flow only. We wish to show how the addition of

tracers will differentiate between 6 hypothetical models according to the actual outcome

of the tracer experiments. 2

All the tracer experiments of Table 2.1 are performed by injecting a tracer pulse of M

units (e.g., pCi) into the input of the system, which is in a steady state, ie., qi, = qot = q.

The injection in each experiment will be assumed to take place at t = 0, and the quantity

of tracer is normalized to introduce a unit mass of tracer in unit flux by setting M = q.

The output concentration as a -unction of time is given in the third column of Table 2.1.

The system is conservative and no tracer is lost, therefore in each experiment we will fulfill

the condition of equality of total tracer quantity at input and output:

'q6b(t)dt = qC(t)dt = q
Jo Jo .

which is equivalent to

J C(t)dt = 1

To each output form C(t) we assign a different hypothetical.physical structure or modeL

This assignment is based on previous knowledge and engineering experience on responses

of different physical structures and may not be unique. In ambiguous cases further critical

2 There is no attempt here to identify the specific boundary conditions of these exper-

iments, as this does not seem to be feasible for the precision expected at this stage of

observation. For details of these effects, see Kreft and Zuber, 1978.
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experiments may be required to distinguish between competing models. The first possible

outcome of a tracer experiment, 2.1 (of Table 21) suggests a densely packed homogeneous

medium with negligible dispersion of transit times as all the tracer material injected at

t = 0 appeared simultaneously at t = ro. Knowing the value of the steady flow, q, we can

then determine the volume, I' = qro. This type of flow pattern with negligible dispersion

is known_in hydrology as piston flow and forms the basis of the simple interpretation

of tritium and "C dating in groundwaters. The next experiment, 2.2, is interpreted in

terms of a single, uniformly mixed compartment, while the third experiment suggests two

equal mixed compartments in series. Subsequent experiments and their interpretation are

mentioned in the table.

Many more response functions and associated models could be presented; however, these

six suffice to indicate the potential of the information contained in tracer experiments. By

making the black box more transparent (it is now a "gray box"), this representation of

system behavior in terms of response to a tracer impulse provides a heuristic indication

of the different responses of various physical systems. Their quantitative features are

discussed in NK, 82.

2.3 SUMMARY

Tracers were defined in their relation to a dynamic system of major and minor com-

ponents of bulk matter. The general approach and concepts are drawn from 1the area of

linear systems theory. Tracers are defined as very small amounts of matter, similar.in their

characteristics to those of one of the system components, and which are not influencing

the system behavior while still being measurable. The basic concept is the composition

system response function, hc(r). which is common to a specific bulk component and its

tracer. We have shown, through a series of examples of simple experiments that tracer data

may provide additional information to that obtained from bulk flow data. In particular we

have seen. that this information provides indication of the internal physical structure of a

system, which had to be regarded as a "black box" without that information.

3. TIME RELATIONS IINTHE STEADY STATE

3.1 INTRODUCTION

In this chapter, an attempt is made to present the more general and intuitive ideas

and statements of part 2 in a more formal manner: using some of the mathematical and

statistical concepts introduced in Chapter 3 of NK,82.
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As the system response function, h(r) is the basic concept in this form of presentation,

around which other concepts are successively developed, there is correspondingly more

effort devoted in discussing the formal and intuitive aspects of this function.

3.1.1 List of symbols and definitions

cin,(t) or c i (t) tracer input concentration

Co, (t) or co(t) tracer output concentration

Fr cumulative probability distribution of ffux transit time

h(r) (a) probability density of transit times in the flux, (b) weighting function,

(c) system response

h(r; t) time dependent h(r)

hc(r) h(r) referring to composition response

hm(r) h(r) referring to mass response

M total mass in the system

M(r) cumulative probability distribution of mass with respect to transit time,

M(T) cumulative probability distribution of mass with respect to age, T

mh first moment of r with respect to h(r),fh

mnh second moment of r with respect to h(r)

qi.(t) or qi(t) input flowrate

qot(t) or g,(t) output flowrate

t chronological time

T age; time elapsed since entry until observation in system (In Fig. 1 T is

the time interval between inputs.)

, average age in a system or m.

V' system volume, Vi,Vo - input and output volumes

6(t) Dirac delta function

mUk kth central moment of r with respect to h(r)

O2h <variance of flux transit time

r residence or transit time from entry to exit

th mean flux transit time, or mt

7fp mean mass transit time, or mr

q(r) probability density of mass in the system with respect to transit tirne;r

t(T) probability density of mass in the system with respect to age, T

Additional symbols for time dependent properties are defined in text.
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3.2 TIME RELATIONS IN STEADY STATE TRACER SYSTEMS

3.2.1 The h(r) function and its properties

Introduction

In general we observe that a quantity of tracer, entering a system.at a given time, will

not leave the system simultaneously, but different fractions of it will leave the system at

different times. We will refer to the time spent by a particle in the system from entry to

exit as transit time. The case of simultaneous exit, referred to in the literature as piston

or plug flow. is an exceptional one. Such an assumption is often used as an approximation

to a relatihely small spread in transit times, as it offers a considerable simplification of the

mathematical and physical description of the system. However, its use has to be justified

in each case.

The transit time scales encountered in environmental systems are typically hours to days

for surface runoff, months to years for lakes. years to hundreds of years for groundwaters,

hundreds to thousands for oceans, and millions for climatic and geological phenomena.

The spread in these values can.reach similar orders of magnitude.

The quantitative discussion of these time characteristics of tracers is greatly simplified

by the use of the system response function, h(r). This concept, familiar to system engineers,

may need some intuitive introduction prior to the more formal discussion of the next

section.

As an example of a system, let us consider a watershed. The input in this case may be

a rainfall at some part of this watershed, while the output may be an increase in spring

outflow at a lower part of it. There are two properties of this relation between the input and

output that are of our interest. One is related to the time sequence - we adopt a causative

view (non anticipative), meaning that the outflow will be following in time after the inflow

which caused it. If we assume a very short-time rainfall input, practically instantaneous at

some instant ti, the spring outflow will respond with relative (or normalized) flow intensity

h(t), varying with time for t > ti. If the system responds always in the same manner,

i.e., the shape of the h(t) wave following inputs at different instants of time, ti, is similar,

we benefit by using a different time variable t which is set to 0 after each input event at

to. h(r) are characteristic property of this system, and we can use it-for prediciton of the

behavior of the output flow. In our case this would be applicable if the inputs were not

excessively large, thus introducing nonlinearities of response, and there were no changes in

watershed parameters, from one event to another.

The other property of interest to us in this context is related specifically to the tracer

problem.
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The spring outflow in our example will generally not consist of the rain water which

caused it. It will be caused by the additional pressure head created by the rainfall in the

aquifer feeding it. The actual identity of the waters leaving this aquifer would not be of

interest to the hydrologist planning the water supply. On the other hand those concerned

with water quality may be interested in the outflow of certain pollutants brought in by the

rain. These can appear in the output only through actual molecular transport through .the

watershed. There will be therefore two types of h(r) functions: one for the mass response,

hm (r) and one for composition.response h°(r). The molecular transfer will in most cases

require longer times than mass response and will extend therefore over a longer time scale.

Table 2.1 illustrates some of the typical responses.

Several interpretations of the spread of transit times. h(r)

There are several ways of looking at the spread of transit times in a physical system.

One way is to consider h(r) as a distribution of transit times of the molecules of the ingoing

flux.

In the steady state we assume that the function h(r) is constant from one experiment

to the next so that valid predictions can be made regarding the future. In practice this

is achieved when the flows and system parameters do not change significantly during the

time of observation.

The use of the function h(r) will help us to quantify the discussion of an ideal tracer,

which is defined as having the same physical and chemical characteristics as the matter

being traced. We will postulate that they have an identical system response function,

h (r). Another point of view is that of system analysis which regards the time distribution

of the outgoing tracer as the system response of the lumped system, or a response to

anuinstantaneous (5-function) input. A complementary point of view is the concept of the

weighting function, i.e., the function describing the relative contribution of different inflows

at time (t - r to the present outflow at time t. This action of the weighting function is

given by the convolution integral:

.00

qot(t) = J q,,t ( -r)h(r)dr (3.1a)
/o

However, this formulation can have different interpretations depending on the objectives

of our observations. When we are interested only in bulk component quantity of response,

h(r), has a different meaning and value from that when h(r) has to describe both quantity

and composition, the latter being relevant in the case of a tracer. Referring to Fig. 3.1, we

observe that che response to an input qi,(t) = V56(t) was Vo6(r),Vo = Vi, this meaning

that there is an immediate fow or mass transfer response and h(r) = 6(r) (Fig. 3-La).
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qo(t)-Vi s(t)
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(c)

Fig. 31. Examples of (a) h"(r), (b) c) hc(r) for periodic input.

However if we require also identification in the molecular sense, as is the case with tracers,

then the response will depend on the history of inflow and the type of dispersion in the

system as shown in Table 2.1 and in the following examples (Fig. 3.lb and 4.1c).

If q, (t) is a constant flow rate into the system (i.e., gi,(t) = g), and no mixing takes

place (piston flow), a molecule entering at time 0 will appear at the output after traversing

the volume V, i.e.. after a time ro = V/q (Fig. 3.1b). The molecular or composition

response will therefore be delayed by ro and h(r) = 6(r - r0 ).

Other mixing patterns as discussed in.Par 2 would result in different forms of h(r):

complete mixing, 2 mixed compartments, etc.

In order to distinguish mass response from composition response we will use h m (r) for

the former and hC(r) for the latter whenever ambiguity may arise, as in Fig. 3.1. In general

h'(-,) (r)-

Figure 4.1c illustrates a different hc(r). The input in this case is pulsed, a constant

volume, say one tenth of the total volume, V, Vn = V/10 being injected into the system at

equal time intervals. T, the subscript nt indicating the nth periodic input. We can describe

the input by the function qin, (t) = fJc,= V,6(t - nT). The firstinput component, V0 , willap-

pear at the output when the 10th input, V10 , enters the system. The composition response

is hC(r) = 6(r - 10T) while the composition output is q,,o(t) = f0O V, [t - (n + 10)T].

21



In both cases, the continuous and discrete, the composition response does not depend

explicitly on the chronological time, t, as it does not appear in the definition of h(r).

However, when we consider the structure of the system, it is obvious that we have achieved

this independence on f by a tacit assumption that all flow parameters do not depend on

t: q(t) = q in the continuous case and, V, and T are also constants in the discrete case.

The tracer integral equation

We restate now (3.la) specifying composition response

Qo((tj = qXi. (-r)hc(r)dr (3.1b)
/o

A corresponding equation can now be written for tracers. We assume again an ideal

tracer, i.e., h(r) is identical for bulk and tracer. Tracer loss and decay will be presently

neglected. We will express the tracer equation similarly to the bulk low equation (3.lb)

in terms of the ingoing and outgoing tracer fluxes. We wish to express these with the

aid of tracer concentrations. The ingoing tracer flux will be then equal to the product of

the instantaneous bulk flux and tracer concentration. i.e., gi,(t)c,,(t), and similarly the

outgoing tracer flux will be qoIt(t)cout(t). In analogy to.(3.1b) we obtain therefore

q~o.(t)cot(i) = J qni(t-r)hC(r)dr (3.lc)

The steady state assumption implies qout(t) = qn,(t - r) = q, which allows a simplified

form of (Ic)

c0o«(() = Je/ in rt-T)hC'()dr (3.id)
Jo

In this case hC(r) does not depend on the time t but only on a variable of integration r,

which is the time difference between the present and the past input composition. While the

formulation of (3.1d) regarding concentrations is identical with (3.1b), which deals with

bulk flow components, we must keep in mind that (3.ib) does not imply (31d) unless all

the conditions discussed above, and primarily the steadyflow condition, are fulfilled.

By introducing an input concentration.in the shape of a 6-function at the time t = 0,

i.e., c d,(l) = 6(t) we obtain from (3.1d) and the properties of 6-function

Jo
coy () = J (I -r)hc(r)dr = hc(t) (3.2)

which shows that the system response is identical to the weighting function in steady state

systems. These two concepts differ, however, under nonsteady conditions, as discussed.in

Pan 4.
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3.2.2 Time relations in the steady state
The concepts of time

We refer to Fig. 3.2 in order to clarify the different concepts of time needed for subse-

quent discussion.

We use three different measures of time: the chronological time, t, also designated

the instant, as given by the date and hour of observation; T, the time elapsed since the

molecule entered the system up to the instant of observation t, commonly referred to as

age in the system; and r, the time a molecule spends in the system, from entry until it

leaves at a boundary, usually termed the transit or residence time. Evidently, for a given

molecule, T < r, the equality taking place at the instant of exit. All other quantities and

concepts which will be introduced here may be derived using these concepts and definitions

introduced so far: i. T, r, and h(r).

t-T t t-T+r
I I ,

I T I

I -i- o t- I

I II
.- -- I-- i

Fig. 3.2. Time relations for the sceady state.

We can reexamine these concepts by reference to Fig. 3.2. Let t be the instant of-the

chronological time at which we observe the system. The value of t is determined by an

arbitrary chronological time scale, like the present date and hour of the day.

T in Fig. 3.2 would be the age of a specific molecule in the system, which entered it at

a chronological time t - T. The value of T starts at 0 for each particle entering the system

at any time. It will advance however with t on the same time scale, AT being equal to.At,

as long as T < r, as r is the residence or-transit time in the system and the age cannot

exceed this value. Each molecule has a unique r value although in.most cases we may not

know it precisely However we strive to know the probability distribution of r as given by

h(r). It is important to distinguish clearly the age, T, from the residence or transit time,

r. These concepts will be clarified by the subsequent discussion of a population analogy.

The F(r) distribution

The first derived quantity will be the cumulative distribution of the outgoing flux par-

ticles or mass, with respect to r. the time spent in the reservoir. From the definition of
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h(r) as probability density, we obtain this distribution as

F(r) =q h(r')dr' (.3a)

dF(r) (3.3)
dr -=h() (

As h(r) is a normalized density,

h(r)dr = 1, and F(ao) = g (3.3c)
fo

In the steady state, F(r) of input and output flux are equal as a matter of defini-

tion. They are, however, not equal in the non-steady state, and care must be taken then

to specify which distribution we observe. The distribution F(r) is shown in Fig. 3.3.

p Ffr) 
LL 

h(r)

T

Fig. 33. The F(r) distribution and the h(r) density.

The population analogy

In order to clarify these concepts it seems useful to consider similar concepts used in

discussion of biological populations including the human population.

The transit time is equivalent to the life span: while the age in the system corresponds

to the common usage of the word. Steady state system will correspond to a population in

an equilibrium, with constant and equal birth and death xate, g, and constant distribution

of life times! h(r). F(r) will respond to the cumulative distribution by age of the born or

dying group. M will be the total population while M(r) and M(T) will be the cumulative

distributions with respect to life time, r, and age, T. T will be equivalent to the life

expectancy or the average age at death, while T will be the average age of the total

population.

The distribution with respect to T has a, physicaL-meanig:in the sense that it can be

actually found out by individual classification. Distribution by r can be made only in.the

statistical sense with respect to.human or other biological.population; .however in certain

geophysical systems we can recognize definite streamlines with assigned transit times and

negligible mixing between them.
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The ¢(r) density and the M(r) distribution

In analogy to h(r) and F(r), which relate to the fnx, we will examine the density 6(r)

and distribution A(r), which relate to the total mass in the system.

We define .(r)dr as the fraction of totalmass of the systemnhaving transit times between

r and r + dr. M(r) will then be the fraction of-total mass having transit times between 0

and r. We will use Fig. 3.4 for illustration of these concepts. It includes h(r) and F(r) of

Fig. 3.3 in the same coordinates.

We first try to evaluate (fr2)dr. Referring to Fig. 3.4 we identify that part of-the

incoming flux having transit times between r2 and r2 + dr. That finx will accumulate in

the system until it reaches the limit of its residence time r2. This is graphically depicted

by the horizontal slab of width dF(r2 ) extending from.F ordinate to the intersection with

the F(r) curve at F(r2 ).

M(rq) can be visualized as a sum of successive slabs of ~4(r) for 0 < r < rl. The

total mass of the system is proportional in this representation to the area bounded bythe

ordinate and the F(r) curve.

(r)dr = df(r) rdF = r dF(r)dr = rqh(r)dr (Sa)
A! M M dr M

Alternately we can integrate the incoming part of the flx with transit time between r

and r + dr, F(r) = qh(r)dr, over the whole span of residence in the system, i.e., the age

range 0 to r

q T

dF dM(F2) =M (T2)d,
F^ 11.L -- F(T)
2F M(FI; -

ri 'r2

T
Fig. 3.4. The M(r) distribution and the qP(r) density. F1 and F2 are abbreviations for

F(r 1) and F(r2 ).

d(r) = j dF(r)dT = rdF(r) = rqh(r)dr (3.4b)

which is equivalent to (3.4a). The physical significance of this formulation is that those

parts of the flux having longer residence times occupy parts of the system in direct pro-

portion to these times. This is demonstrated in Fig. 3.4.
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The distribution of mass with respect to is obtained by integration of (3.4b)

M(r) = r'h(r')dr' (3.5)

M(r) is the mass of all molecules having transit times less than (Fig. 3.4). The total mass.

M, is given by

.oo

M = lim M(r) = qJ rh(r)dr = h (3.6a)

where rh is the mean flux transit time. The relation

M
rh = - (3.66)

q

holds therefore, without any specific assumptions about the mixing pattern or time distri-

bution, for systems in a stead)' state. Examples of applications of this relation are given

in Chapter 5 of NK,82.

The '(T) density and the M(T) distribution

Let us observe an ingoing flux mass q = F(oc) while it transverses the system. After

an elapsed time T in the system all molecules of this flux having transit time shorter than

T have left the system. This amount is F(T),. according to (3a). The amount of material

with ages between T and T + AT is therefore (F(oo) - F(T)) dT. We define a new density

w(T)

T) F(oo)- F(T) (3.)
M

Then

MAft(T) = [F( o) - F(T)] dT

= qi- h(rldrdT

Since

f h(r)dr = / h(r)dr+ h()dr = 1
0 T

then

MW(T)dT = q / h(r)ddT (3.8)

Fig. 3.5 shows the function M¢r(T). It is an inversion of the F(r) as seen from (3.7). The

distribution of mass with respect to age is obtained by integration of (8).
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Fig. 3.5. The M(T) distribution and the O(T) density.

M(T) = Mvr(T')dT' = h(r)dr (3.9)
Jo ^ -r

M(T) is also shown in Fig. 3.5. We expect on physical grounds that

limrT-o, (T)= limr-,o.(r) = M, ie., (3.5) and (3.9) refer to the same totalmass of

the system. Appendix 4.15 discusses this equivalence.

M(r, T) as a bivariate distribution

It is evident from the deftiing eqs. (3.5) and (3.9), and the corresponding Figs. 3.4

and 3.5, that AM(r) and M(T) may have different values even when their argnments are

equal, i.e., r = T. This apparent ambiguity is resolved if -we consider M as a function

of the orthogonal coordinates F and T, the dependence on r being through F(r) only,

i.e., M.(r,T) = MJ(F(r),T). M(r) will be defined then as a cumulative marginal distri-

bution _M(r, oo) and similarly M(T) will stand for Mf(oo,T) (Mood and Graybill, 1963).

M(F(r), T) is shown in Fig. 3.6 for r = rl and T = TI.

M(F,,j)

TI

Fig. 3.6. The bivariate distribution M(F(r)lT) for r= rt and' = T1.

3 Appendix numbers refer to NK,82
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Average transit time of flcx and mass. Average age

The mean or average flux transit time was alreadyTfond to be fr (.6a)

h = rh(r)dr 
fo <~q

Using the introduced terminology, Th = m'. We can calculate the average mass tait

time using the mass transit time density, 0(r). given by (3.4a).

= r(rd; h =g(r) (310)
-'0 ' .0 M

The numerator of (3.10) contains the second moment of F(r) distribution,

m = J r 2 h(r)dr

Using again the moment terminology we obtain

m1mh (3M)mt=

The average age is found in a similar way, using the age density +(T). Using (3.8) and the

definition T, = JQ Tt,(T)dT we have

Ts = ef 9 m TJ h(r)drdT (3-12)

10

In Appendix 4.2 we show that

= - 2 m4 (313)
21p 2 mh

This can be expanded into a different useful form

1mr1 m_ +( m ti 2 1+ i 0 -

im _~ ... _ 1 tff, ._ cr^ _ +a. 1 0.\+
2 M - 2m - 2 T, 2 (3.13a)

where we made use of the well known statistical relation

:h = mn2 - (m) (3.14)

4. ELEMENTS OF THE NON-STEADY STATE TRACER THEORY

In continuation of Part 3 we formulate the tracer theory in terms of non-steady state

systems, develop some aspects of this theory and demonstrate its application. An effort

has been made, as previously, to do this in a unified and consistent format, referring to
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Part 3 as the basic representation. expanded as required. As this task may result .in

undue formalism, which is not our objective, the physical basis underlying new concepts

are indicated whenever possible.

Until recently the steady state and constant parameter assumptions have prevailed in

analyses of natural systems. Not infrequently, simple expediency dictated this approach;

tracer data or the concomitant environmental parameters (hydrologic, meteorologic, etc.)

having been sparse or unavailable. More fundamentally, though, this has been due to

conceptual and mathematical difficulties. However, a truly steady state system is a rarity

in the natural environment and when it can be assumed to exist is of limited interest.

There is far more interest today in the nature of fluctuations from the steady state

as they reflect the inner workings and the responses of a system to external stresses.

Also of increasingly urgent interest is evaluation of the -responses of a system to natural

and man-made changes in its parameters for the. purpose of prediction and control under

varied situations. If a system's behavior is understood only for the nearly-steady state,

its behavior under more extreme stresses may not be directly projected (non-linearities,

resonances, threshold effects, etc.) One cannot be certain to effect control over a system

without having observed its response to realistic perturbations - at the very least through

simulation. This aspect is brought to bear in problems associated with, for example,

water resource management, air and water pollution, and the vast array of ecological

interrelationships.

Parameter variability in system descriptions is commonly dealt with by the use of

averaged parameters. However. the average parameter approximation may be totally in-

adequate for any of several reasons:

* a system description, involving non-linear behavior may not necessarily yield the

"average" behavior of the system when based on averaged parameters.

* physically significant correlations that may exist could be neglected, e.g., between

tracer concentrations and flow parameters.

* insight into extreme values that system variables or outputs may attain could be

lost, possibly with dangerous results.

An objective of the theoretical developments is to aid the user in dealing with these

possibilities. Being aware of them as they relate to his own applications, he may be

motivated to search for improved methodologies.

The negative definition of the subject (non-steady) makes it practically intractable in

all its generality, except for permitting statements about the non-validity of most steady

state theorems and allowing only limited analytical solutions for certain conceptual.models.
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In order to permit some advances to be made, the subjects are grouped according to

various classes of variability, for example:

* internal parameter variability

* piecewise steady behavior

* linear time-varying systems

* stationary stochastic systems

Each grouping permits mathematical treatment in its own way. As some mathematical

presentations tend to be abstract, whenever possible the underlying physical behavior of

the system being treated is discussed in the texct.

The fuid state of rapid development in mathematical theory, numerical methods and

applied research in the non-steady state increases our difficulty of an up-to-date presen-

tation. Sophisticated modelling and simulation tecliniques are beyond the scope of this

treatise but are treated extensively in the cited literature. Undoubtedly, a more satisfac-

tory presentation could be written in a few years time as these techniques are more fally

absorbed into practical application. We feel, however, that the user of tracer information

has an immediate need for some theoretical tools and a critical overview of the methods.

Conversely, awareness of the unsatisfactory status of this subject may induce more vigorous

efforts on the part of the system theorist.

4.1 DEFINITIONS AND CONCEPTS FOR TIME-VARYING SYSTEMS

4.1.1 Linearity, non-linearity and time-variability

A system is defined as time-varying if the relationship between its input and output

is time-dependent (DeRusso et al., 165). More specifically, such a system is explicity

time-varying, but linear, if the governing parameters vary independently of the input and

system variables. However, if parameter variation is a function of input or system variables,

the system is non-linear and, hence, may be implicitly time-varying. In the case of com-

partmental systems, for instance, non-linearity may mean that the exchange coefficients

between compartments are functions of amounts of material.in each compartment.

A properly designed tracer experiment carried out in the steady state, i.e., when input

and state variables have constant values. cannot discern implicit time variability due to

nonlinearity. Ideally, the presence of a quantity of tracer should not be "sensed" by the

system at all; it should not perturb the system in any way. Rather, it should only provide

the experimenter with an identifiable label on the component being traced. In effect,

irregardless of nonlinearity in the system equations, the equations describing the tracer

dynamics remain linear in tracer concentration although governed by the implicitly time-
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varying system parameters (Jacquez, 1972). Examples of this feature will be seen in later

sections.

If, alternatively. our objective in a tracer experiment is identification of a non-linear

process, the tracer injection must accompany or present a perturbation in the component

being traced which will excite the non-linear dynamic response. Whether the non-linear

dynamics may be uniquely identified by such experiments is a problem of considerable

interest in systems science (DiStefano. 1976).

The point to be stressed here as relates to tracer experimental design, or to analysis of

tracer information generally, is that we must be certain of understanding in which mode a

system is actually functioning and to what question our analysis is addressed.

4.1.2 Classification of stochastic physical processes

In the following section variable parameter systems in the natural environment will

be surveyed briefly to demonstrate some typical situations in which the non-steady state

tracer theory is applied. A condensed review of the terminology of stochastic processes

will provide a common language for understanding their classification as discussed in the

literature and as may appear in the reader's own experience. Although the following review

may suffice for the chapters to follow, the interested reader is referred to the appropriate

literature (Bendat and Piersol. 1971) for introductory techniques of analysis for random

data. A schematic presentation of the terms to be defined below is given in Fig. 2.2.

Time-dependent processes may be classed into two major groups: deterministic and

stochastic (or random or probabilistic). Deterministic processes can all be described by

a unique mathematical relationship valid for every time. Stochastic processes can only

describe the probability of an outcome of such a process at any time as one of a range of

possibilities. For a fuller discussion, see Bendat and Piersol (1971); Soong, (1973) or other

texts on stochastic system theory.

Deterministic processes may be classified in two groups: periodic and transient non-

periodic. Periodic processes may be purely sinusoidal, comprising one frequency only, or

complex, comprising many basic frequencies related by rational number ratios, producing

a regularly repeating waveform. Almost-periodic phenomena frequently occur in which

arbitrarily related frequencies combine to produce a response with no defined period. The

response may be frequency-analyzed into its components, but if they are not related by

rational number ratios, a finite fundamental period will not occur.

Essentially any combination of deterministic phenomena is feasible and it is advanta-

geous to reduce measured data to such functions when dealing with time-varying systems

and to search for analytical solutions.
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Stochastic processes may also be classified into two groupings: stationary and non-

stationary. If for a random process the mean value is constant and the autocorrelation

function depends only on the lag time, the process is weakly stationary. Time-independency

of higher moments is considered stronger stationarity. Any process for which the first

moments are time-dependent are non-stationary.

Stationary random processes as well nsy be divided into two groups: pure random

and non-pure random. A pure random process has no underlying deterministic component

whereas a non-pure random process does. For example. random fluctuations superimposed

on a sinusoidal function is a phenomenon commonly encountered in natural systems.

Likewise, non-stationary random processes may be grouped as those comprising a deter-

ministic trend in time and those without. If the deterministic trend can be extracted from

the'data and given functional expression, practical analysis is greatly simplified (Lewis,

1979a.b).

One additional important concept of stochastic processes deserves mention: ergodicity.

In our context, ergodicity deals with the question of relating statistical or ensamble averages

of a stationary stochastic process to time averages of its individual sample functions. If

this condition is fulfilled time averages taken from any single sample function are sufficient

to describe the ergodic process. Stationarity however does not imply ergodicity, hence

ergodic stationary process is a subclass of stationary stochastic processes (Soong, 1973).

In conclusion, it may be said that reducing random data to comply with one or another

of the subdivisions will significantly simplify the analysis of time-variable processes as

underlying deterministic components may be treated analytically. The relative significance

of the random component may then be determined and weighted against the benefits of

additional treatment.

The tracer theory in the non-steady state is concerned with superposition of tracer

information on the time varying behavior pattern of these systems.

4.2 TIME-DEPENDENT INPUT-OUTPUT RELATIONS

4.2.1 Time-dependent system response functions

As discussed in Part 3, the transit time distribution of molecules in a system can be

viewed either as a system response or as a weighting function. In analogy to the steady

state we find the system response by application of a unit impulse at a given time, ti. The

observation of the fraction of this input leaving the system at times t > ti will provide the

system response function. The value of this function will.now depend both on the input

time ti and the transit time. r = t - ti, while in the steady state it depended on r only.
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On the other hand, the weighting function will be obtained by observing the contribution

of past inputs to present output, at time t<. This will be discussed in more detail in para

4.2.2. Both functions were shown to be equal to hJr) under steady state conditions

As in the steady state, Fig. 3.2 illustrates the time relations for a particular molecule

which entered the system at time ti. has the "age'" T at the instant of observation t, and

will leave the system at to = t - T + r, after a transit time r.

In analogy to 3.lb we can write for composition response of a time varying linear system

qo(t)= A q(t--r)h(r- ; t)dr (4.10)

Here hC(r; t) is a generalization of hc(r), being dependent also on the parameter I. The

time parameter may be assigned one of several meanings: the input time, ti, output time,

to, or running time, t. We will indicate in each case the nature of the parameter which will

be selected to suit the circumstances.

We will observe the time dependent system response by measuring the output qo t

after application of a unit impulse at time ti, ie., q,(t) = 6(1 - ti). We obtain, similarly to

3.2,

go(t) = -j ( i-t-r)h(r; t)dr= h(t-ti;ti) (4.lla)
Jo

substituting f = t, + r at the time of exit

go(ti + r) = h (r; 1) (4J11b)

ti t-T t to=t-T+T
I I I I
I I I

T
M T ---- | dt=dT=dT

i I

Fig. 4.1. Time relations. in the non-steady state.
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t /hr(r; ti)

/

ti+4 - / hr(4;ti)

ti+3 - h(3; ti) ' 
/ c

tji+2 ,~/hC(2t,) /i

ti+ - hr(;ti ) , _ -

tiX - 2 3 4/n AT ti

0 2 n

(a^~~b~~) (b) 

Fig. 4.2.a) Projection of the system response function hC(r; ti) on the t - r plane.

b) System response function hC(r; t,), t and r in three dimensions, h, r and t.

We assumed here that the output has no other components-from additional inputs.

In this representation the input time is emphasized as a parameter of hc (r; ti) to indicate

our interest. It is, however: a convention and other parameters may be used if preferred.

Conservation of matter requires that the cumulative output equals the input. We are

therefore justified to integrate the output from if to infinity and set the integral equal to

the input, Le., 1.

qo(ti+r)dr = h(r; t)dr = 1 (4.12)
Jo fo

We see that as in the steady stare, the normalization of the system response function holds

also in the non-steady state.

In cases in which ambiguity may arise we will assign to the system response a subscript

r, i.e., Ah(r;tl).
In Fig. 4.2a, the position of some discrete values of hA(r; it) is shown in the plane deter-

mined by t and r coordinates. Fig. 4.2b shows these values in 3-dimensional representation,

for arbitrary response function.

Fig. 4.3a and 4.3b show successive system response functions for inputs initiated at

times later than ti. As seen in Fig. 4.3b, the response functions may differ in their shape

and are not necessarily parallel displacements of h(tr;ti) as would have been the case

for a steady state system. The discrete values of the functions shown in Figure 4.3b are

tabulated in Table 4.1.

Normalization of the system response function in the non-steady state as in the steady

state deserves added emphasis. Remember that the system response function is based
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physically on. a unit inpulse injected into the system. Irregardless of what changes may

occur in the system during the transit of this pulse relative to prior states of the system,

it must eventually be integrated back to one unit by conservation of matter. Likewise,

this must be so for any other unit impulse which may enter the system in the future.

Irregardless of prior unit impulse responses and irregardless of any time-variance in the

system behavior during ics sojourn, it must integrate back to one unit. This aspect of

time-dependent system response functions is exemplified in Table 4.1 by simply summing

any diagonal line starting from any initial time (r = 0).

Another point of interest is that the system response function has no explicit dependence

on the input values qi(t), while, as will be shown later, the weighting functions have such

dependence. The system response may, however, be implicitly dependent on the input

flow, gilt), e.g., a higher qi(t) subsequent to an injection may shorten its residence time in

a system. t.5

t l

tS:* h^ ti+, / / '1 \ \ti+2/

ti +3 ..- r(3;.i)

t i+ 2 --;- ti+l) < 5
I I ti

I 5

Fig. 43a. Fig. 43b.

Family of projected system response
functions in the t - r plane.

Family of system response functions
in three dimensions.

4.2.2 Time dependent weighting functions

An alternative interpretation of the transit time distribution is derived from (410), by

regarding it as the input weighting function at a constant output time, t o, or that fraction

of the input at. time to - r contributing to the output at time to

35



Table 4.1a. Discrete system response function

0 1 2 3 4 5

h' (r; ti) of Fig. t3b.

6 7 8 9 10

h'(r;tk + 5) -

0.6 .8 0.7
1.1 .12 .10 .10

/.30 .18 .15 .13 .13

0.2
0.5
0.6
.09
12

0.3
0.7
.10

0.4
0.7

0.5

tk + 5
tk + 4
tk +3
t k + 2

tk + 1

ik

.50,-27
.30 .23
.20 .18
.17 .10
.06 .07
.01

.20 .18 .16 .14

.20

.17

.12

.18

.14
.16

W if-,; tk +t 5)

Table 4.lb. Input and output weighting functions of Fig. 44.4

r qi(to - r) h (r; t + h,(r; t + 5)

0 5 .50 .32

1 3 .27 .10

2 9 .20 .23

3 10 .18 .23

4 4 .16 .08

5 2 .14 .04
I

5
r=
r =0

1.45 1.00
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Qo (,to) = (,to-r)h' (r; to)d- (413)
o

We assign to it the subscript wi to indicate that the weighting refers to the input at time

to - r = ti.

To demonstrate this we might say that the output observed at some time to comprises

50%, of the matter input at to - 1, 75% of the matter input at to - 2, 25% of the matter

input at to - 3 and so on.

We can rewrite it in terms of system response, noting that h'i(r; to) has the same

physical interpretation and numerical values as hI(r; (to - r)i) as can be seen in Table 4..

Hence we could alternatively write:

qo(t,) = qi(to-r)hl(r;to-r)dr (4J.4)

There is a distinct difference, however, between hC(r; (to -r)) and h[(r; ti). While both are

properly defined system response functions, their path on the t, r plane will be different.

As for hC(r; (to - r)i) with change of r, the parameter to - r will change, too. Its path will

be along the r axis (coordinates r; to), while hOC(r; ti) was on the diagonal with coordinates

r, to + r.

Normalisation of hi(r; (to - r)i) is not ensured. as was the case in the steady state, as

the.fractions given by hi(r; (to - r),) refer here to entirely unrelated fractions of different

inputs. Subsequent examples will emphasize this point quantitatively.

In Table 4.1 and Fig. 4.4 we observe that h'.(r; to) is situated along the r coordinate,

while hr(r;ti) was on the diagonal (Fig. 4.3). This is so since the weighting functions are

frozen in chronological time at to and look back to the past with only r of past inputs as a

variable. The system response function, however. is generated from the present time at ti

and extends into the future, age in the system increasing.monotonically with chronological

time.

A third representation of h ¢Ir; t) is produced by considering the fraction of the output

flow qo(to) which is contributed by the input at time to - r. We designate this the output

weighting.function h,, o (, ; to). This function is normalized by its definition as a fraction of

the output at a given to. For example, 50% of the output at time to may derive from input

at to - 1, 30% may derive from input at to-2 and 20%. from input at to - 3. This permits

us to write:..

f h (r; to)dr = ( 15)
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On grounds 9f physical identity we require the mass composed of the fraction of input

qi(to - r) with transit time - (hence leaving the system at time to and contributing to the

total output of t.3) to equal that fraction of output, qo(to), which entered at to - r. Using

the definitions of hC,,(rto) and hd . r; to) requires:

q (to -r)h(, (r; t,) = qo(t,)ho(r;to ) (416)

Therefore

h o(; to) = o(() ,(r;to) (4.17a)

and using (4.13)

hC tri } = Xqi(to - r)hc ,(r;tl (17

htto(~;to) -= 7 T,--t,,; (4.17b)
So i(t(l - r)h i(r; t(,)dr

Note that at steady state qi(to - r) = qo(to) = q; therefore ho(r; to) = hc,(r; to) , and

according to 4.2 both are equal to hC(r). This formulation will be of use subsequently for

the description of tracer behaviour in non-steady state systems.

In the discrete form (4.17b) becomes, (from the definition of hi,(r; to)):

si to- r)hci(r; to)
Wo(r; to) = to-r)h (r t) (417c)

Fig. 4.4 and the associated Table 4.lb compare the input and output weighting func-

tions for time to with an arbitrary inflow function. Table 41 uses discrete values for

simplicity of presentation. Note that, as expected, both hCi(r;to) and h',(r;to) lie on

the r axis in Fig. 4.4 as they relate to qi,(o - r) prior to to. The values of hi(r;to)

are derived from the values of hC(r;tiJ by the equivalence shown in (4.14). The values

qi (tor)1 Ch,,l(r;to)

A hwo( r ;t )

Fig. . egh g ctios situated on the r coodinate h(r and (

Fig. L.. Weighting functions situated on the r coordinate: hi(r; to) and hu,,(r; to)
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of hc,,(r; to) are then calculated using qi(to - r). As expected from the above discus-

sion, the integral of h',(r;to) in Table 4{lb is not normalired in this artificial example.

However. hO(r; 0t is normalized (as must be so), as seen from integration of (4.1tb)

and by its equivalence to h(:r Ito) and of course, by the physical basis of its definition-

In the probabilistic interpretation (Krambeck et aL, 1969) qi(to - r) is proportional to

the probability of entry of a random particle into the system at time (to - r) while h' j(r; to)

is the conditional probability of exit at to, provided it entered at to - r. h,,(r; to) in

(4.17b) has then the structure, and possible interpretation, of Bayes' probability of cause

(Feller, 1957), and represents the conditional probability that a particle at the output at

t o originated at the input at (to - r).

4.2.3 Tracer response in non-steady state formulation

In para. 4.2.5 we set, on the basis of physical identity, the fraction of input qi(to - r)

with transit time r equal to the fraction of output, q(,(to), which entered at t o - r. Using

the definitions of hc,,(r; o) and h-o(r; t() we obtained equation (4.16):

q,(to-r)h^w(r;t,) = q(,(to)ho(r;t o) (4.16)

We now set up an analogous relation for the response of a system to an ideal tracer

transported by the main component.

As discussed in Part 3, our basic assumptions have been that the composition response

of the tracer is identical to that of the main component, and that the tracer's presence

does not affect it.

In analogy to 3.1c the tracer flux entering the system at time to - r is given by the

product of the bulk flux and tracer concentration at that time, i.e., qi(to - r)c;(to - r).

Unlike in the steady state, the qi,, and qot values are generally not equal and do not cancel

out as in 4.1d. We have, therefore, to deal with the above product while investigating the

non-steady state system behaviour. We define the tracer inflow rate

Ci(to-r)qi(to -r) = qI(to-r) (t18)

We invoke now the ideal tracer definition. by which the.fraction of tracer quantity which

entered at time to -r, and appeared at the output after time r, is the same as the fraction

of bulk flow which entered at the same time to - r , or, in other words, the input weighting

function hc ,(r-; t 0 ) will be the same for both. Hence, the fraction of tracer quantity input

at to - r contributing to the tracer quantity output at to is the same as that for the bulk

flow.
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However, the fraction of tracer quantity appearing in the output at to which derived

from the tracer quantity input at t o - r need not be identical to the fraction of the bulk flow

input. This is so since the tracer quantity and the bulk flow are not necessarily correlated,

for instance when the tracer input concentration is not constant.

Typical examples of such situations are: (a) inflow composed of several components

with time-varying flow rate, each having different tracer concentration, (b) the causes of

tracer variability being different from those of main component variability, such as tritium

influx to atmospheric moisture, which originated in atmospheric nuclear explosions, and

subsequent rainfall. Examples of the nature of such correlations are given by Gibbs and

Slinn (1973).

In analogy to 4.16, we designate hr,(r:to) as the fraction of tracer quantity in the

output at time to: qor(to), which originates from the tracer quantity which entered at time

to n y (to - ), n In order to evaluate hr (r;to) we write the tracer analogue to

eqn. 4.16.

q0 (t0)ho (i; to) = q(to-r)h0 i(-; t9)

Hence, using (4.18) and (4J7a):

oT(r = () mu)= ((t - } - h t (roto) (4.20)%o(,', To)0= C" ( :o) 0(to) '

With h,r(r: to) related to h, o(r; to) by equation (4.20), it may be considered a higher

order weighting function in the hierarchy of response functions.

Integrating eqn. (4.19) over r we obtain:

oo ,00

q[(to) J h(r; t,.)dr = q (to -r)h, i(r; te,)dr

Normalization of hTo(r; to) is guaranteed by its definition as an output weighting function.

Hence, recalling that according to (4.18) yq(t) = co(t)qo(t):

o(to) = c (to-r)( hci(r; to)dr (22)
Jo Qo (to)I

or,

co(to) = 'a to-ir)h',(r; to)dr (4.23)
/o

Eqn. (4.23) demonstrates that the tracer concentration output weighting function is

identical to the major component output weighting function which is normalized by def-
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inition. We should note the apparent similarity of eqn. (422) to eqn. (4.13) where the

weighting function is, however, not normalized.

It is instructive to examine eqn. (4.22) as a guide to possible time dependence of the

tracer concentration weighting function.

In the case of a system characterized by a time-independent input weighting function,

we may write eqn. (4.22) using hc,i(r):

c (to) = ciTo-r r h(r)d r (4.24)

Note, however, that the tracer concentration weighting iunction retains time-dependence

if the ratio qi(to - r}/Qo(tc) is time-varying.

Alternatively, in cases in which qi(t) = qo(t) = q, then hi(r; to) and h¢,(r; to) may

nevertheless have an explicit time-dependence due to system parameter variability. In

many cases of practical interest hc ;(r; to) depends on the history of past inflows (Chiu and

Bittler, 1969: Nir, 1973) and therefore both terms contribute implicitly to time dependence.

Representative types of time-dependent behavior according to the definitions of

para. 4.1, are discussed in LN,78 (Table 2). As discussed earlier, detailed study will reveal

all environmental systems to be explicitly or implicitly time-dependent to some extent. The

essential aspect of tracer studies stressed here is recognition of important time-dependent

elements and their inclusion in models of tracer behavior. Neglect of significant time de-

pendencies in tracer experiments will be shown to lead in some instances to erroneous

conclusions.

Attempts to use deconvolution techniques designed for time invariant systems, without

accounting for time-varying behavior, can result in oscillations and unrealistic results.

These effects have been noted in the tracer and hydrologic literature, e.g., Eriksson (1963),

Eagleson et al., (1966) and Blank et aL, (1971); however, no direct solution for time

dependence was offered.

While no general solution seems to be feasible, there are several approaches that are

satisfactory under certain conditions of practical significance. These are discussed and

demonstrated in several references (Mandeville and O'Donnell, 1973; Niemi, .1973; Ur and

Lissack, 1973; Margrita et al., 1983).
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5. SUMMARY

The material of Sections 1 to 4 and the following eference list is presented as.a

introductory guide to basic concepts of tracertheory and methodologythat are independent

of the specific physical model and mathematical techniques. It is introductory in terms

of the scope of the concepts and detail of presentation which was of.necessity very mm'h

abberviated. Many of the concepts and methods are expomtded .in the quoted literature

and in the following chapters of this book, and we hope that this introductioi-will encouage

their study.

Tracer theory in its fuller scope is not an easy subject to miter-without a sainifant

intellectual effort and frequent reference to the concepts and methods of proof It is df

not intuitively acceptable without that effort. The payoff is in the ensuing clarity of

approaches and in the scientific justification and conrstency of the results.

Finalbl, a word should be said about the changing role o:.theory in this and other

fields of research. Theory has a dual role: providing as with deeper understanding of

our concepts and supplying specific solutions to the actuaLproblems under invesigti on.

However. the increased computational capability-which as put at our:disposal, in the last

decade, powerful tools for modeling and simulation of omplex systemsmayteem to rednce

the need for the underlying theory. Our argument is that-the role of-theory in guiding our

understanding is as important as ever. It should be used to guide our computational

capabilities and act as a verification too, rather than be replaced by it.
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GENERAL REVIEW OF METHODOLOGIES AND APPROACHES
IN MATHEMATICAL MODELS FOR INTERPRETATION OF
TRACER DATA IN HYDROLOGICAL SYSTEMS

P. GOBLET
Centre d'informatique g6ologique,
Ecole nationale sup6rieure des mines de Paris,
Fontainebleau, France

Abstract

A general review of the mass transport mechanisms in saturated groundwater

flow and related basic concepts are provided. Available methodologies for

numerical simulation of mass transfer and their applicability are discussed.

1.- CONCEPTUAL MODEL FOR MASS TRANSFER IN SATURATED MEDIA.

We shall start with a brief presentation of the mechanisms cur-

rently taken into account in numerical analysis of tracer tests. On our way

we shall show what are the important parameters coming out of this kind of

interpretation. But we shall also show some limitations of the theoritical

approach and see how new formulations try to overcome these limitations,

simultaneously creating a need for new data collection.

1.1.- Description of the medium.

1.1.1.- Porous medium.

The very classical approach of porous medium relies on the pos-

sibility to substitute to the basically discontinuous real medium, consti-

tuted of grains and pores, a continuous medium, the properties of which are

defined as averages on small volumes (Representative Elementary Volume).

The possibility to define such a volume, sufficiently big to include a

statistically representative number of granular heterogeneities, but suf-

ficiently small to ensure a continuous variation of physical properties,

is the very origin of the Equivalent Continuous Medium approach. It has up

to now never been proven inadequate for alluvial media.
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1.1.2.- Fractured medium.

The problem becomes more complicated because the spacing between

water-bearing fractures, which control the flow and mass transfer, may or

may not be "small" compared to the scale of the development of a tracing

event. So the possibility to define an REV is not insured any more. Actual-

ly recent studies on numerically generated fracture networks have sugges-

ted that the Equivalent Porous Medium (another name for Equivalent Conti-

nuous Medium) model might be valid only in case of a very densely fractured

medium (J. LONG., 1983). However the results were obtained on two dimensio-

nal models which do not take into account all the possible interconnexions

of a 3D network, and they might therfore appear as rather pessimistic.

At any rate one should retain that, for the interpretation of

tracer data in fractured rocks, three situations may occur :

- The rock is very densely fractured relatively to the scale of the

experiment : then it should be treated as an EPM. It should be noted

however that the validity of the classical hydrodispersive model has

been questioned, even for dense fracture networks ;

- The tracing is taking place in a small number of large fractures going

continuously from the injection to the measurement points. In this

case the fracture (or the small set of fractures) is to be considered

explicitly and its geometry has to be taken into account ;

- The tracing develops in one or several sets of fractures, too intri-

cate to be identified one by one and explicitly taken into account,

yet too largely spaced to allow an EPM approach : in this case, the

most difficult of all, no other way of analysis can presently be

proposed than a possible extension of the approach mentioned before

(numerical synthesis of fracture networks having the same statistical

distribution as measured in the field).

In the more general framework of mass transfer modelling in frac-

tured rock masses, which can eventually involve far larger scales than

tracer tests, one should mention the possibility of the "double medium"

approach : it consists in representing two different levels of permeabi-

lity, corresponding for instance to two differently spaced fracture sys-

tems, as two EPM with different permeabilities and porosities, which are
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superimposed and exchange water and eventually mass through specified

transfer resistances. In this way one could represent for instance a large-

ly spaced system of major fractures and a more closely spaced network of

limited fractures. This model implies that the EPM approach is valid for

all systems of fractures. If not, some major fractures can be specifically

modeled and superimposed on an EPM. All these models may be relevant for

the interpretation of tracer tests too, depending on the information one

has on the fracturation of the medium.

1.2.- Transport mechanisms for a conservative element.

We call conservative an element which does not undergo any inter-

action with the immobile phase of the medium, in others words an element

which "moves with the water" (we shall have to come back to this notion

later).

A solute present in the water in sufficiently low quantity so as

not to modify the water movement moves according to three major mechanisms.

These are valid as well in a porous medium as in a single fracture.

- Molecular diffusion : this process, described by FICK's law, is gene-

rally of minor importance except in the case of very slow water

circulation.

The mass flux of tracer due to molecular diffusion can be expressed

as :

( = - d . VC .

wherer d is the diffusion coefficient in the porous medium or in the frac-

ture, and w the porosity.

- Convection : this term describes the overall movement of tracer, at

the mean water velocity. As the tracer is actually not evently distri-

buted in the pore volume or in the fractures, and as, on the other

hand, water velocity is not uniform accross its main direction, this

definition is not devoid of ambiguity ; for instance a tracer forced

by electrical exclusion to move in the fastest part of the water

channels will have a greater average velocity than a tracer occupying

all the mobile volume. For these reasons, the velocity at which a

tracer moves is related to the DARCY velocity by a tracer dependant
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coefficient called kinematic porosity :

UD
V = D

c

This porosity, as argued above, will generally be lower than the

total porosity (void volume/total volume ratio). However we shall see

later that various phenomena introduce an uncertainty on this parameter.

According to the above definition, the convective flux of tracer

would write :

~c = t UDC

the use of DARCY velocity accounts for the fact that the tracer is actually

moving only through the pores, and not through the entire rock volume.

- Mechanical dispersion : this term is used to express that the water

velocity is only known as an average value, while the actual velocity

fluctuates around this value. For this reason, a spreading of the

tracer occurs, which is, in the classical theory of dispersion, des-

cribed by a law analogous to FICK's law, but of tensorial form :

D =-D' *VC

The D' tensor is anisotropic. In the case of an isotropic medium,

it is related to the value of the velocity by a linear relationship :

- L + (in axes parallel and orthogonal to the
= UiD I velocity)

0 aT

a L and aT are termed longitudinal and transverse dispersivities.

- Dispersion equation : taking into account the three above-mentioned

mechanisms, and expressing that tracer accumulates in the kinematic

porosity, one obtains the classical dispersion equation :

6C 
V (D'VC + wd VC - U C) =c t (1)
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An alternative formulation is used, defining the dispersion tensor as :

D = - , hence D = L 

C 0 aT

One obtains :

6C
v * ( VC + - d VC - VC) = -

W 6tc

(Note that the definition of the dispersivities stands for the two

formulations).

Thus formulated, the dispersion equation implies the knowledge of

essentially three parameters :

- the kinematic porosity wC ;

- the dispersivities aL and aT

When the velocity of the water is not parallel to one direction of

anisotropy of the medium, more terms may appears in the dispersion tensor.

For more details, refer for instance to J. BEAR (1972).

1.3.- Description of the boundaries.

There are essentially three types of boundary conditions to des-

cribe the limits of a physical domain from the viewpoint of mass transfer :

- Prescribed concentration : this type of condition may be used either

to describe the introduction of tracer in the medium or to describe a

distant boundary which the tracer is not supposed to reach. In the

first case, it is essentially used to indicate that tracer is injected

at a known concentration. It can be considered only as an approximate

model, since the concentration actually existing in the medium imme-

diatly downstream of an injection, due to dilution, can only asympto-

tically become equal to the concentration of the injected fluid.

However this type of condition allows in some cases an easy mathema-

tical treatment and is therefore a useful approximation. In the se-

cond use, the condition serves as an indicator that a certain back-

ground concentration prevailing before any injection will be maintai-

ned at a sufficient distance. This distance is generally finite for

-numerical models, often infinite for analytical ones. It has gene-

rally no real physical meaning especially when applied as a down-
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stream condition, since the convective mode of transfer makes it

impossible to impose that type of condition. Therefore it should be

considered as a mathematical necessity to solve the dispersion equa-

tion.

Prescribed entering mass flux : this formulation is the more physical

way to express that a given volumetric rate of solvant containing

tracer at a given concentration is entering the flow domain.

- Prescribed outgoing volumetric rate : this condition expresses that

water is crossing a boundary at a known rate, going towards the

exterior of the domain. The mass flux going out of the domain is then

expressed as the product of this volumetric rate times the unknown

concentration along the boundary. This formulation accounts only for

the convective flux, and therefore the dispersive flux is assumed to

be zero, which implies a zero gradient along the boundary. This condi-

tion does not correspond to any actual physical situation, but is as

close as one can get to expressing that all the tracer arriving at the

boundary is removed. This rudimentary representation is due to the

fact that the physical mechanism is essentially convective, since

dispersion is only a model for differential convection, and therefore

there is physically no need of a downstream condition, while the

mathematical representation which is done of it by means of the dis-

persive model does require a downstream condition. Therefore this

condition is only a mathematical necessity and has no physical

ground. Another possibility to express that the tracer is removed as

it reaches the boundary is to extend the modelled region downstream of

the boundary so as not to have a perturbation of the concentration by

the limit. This is done analytically by extending the domain to infi-

nity, and numerically by extending it "sufficiently" ; of course this

technique does not apply to point sinks.

1.4.- Retarding mechanisms.

Most of the substances dissolved in an aquifere will actually not

move at the water velocity. The reason for this is that, instead of moving

with the water molecules, a certain proportion of tracer will undergo

various types of interaction with the immobile phase. The general term of

immobile phase lumps together various parts of the medium :the solid pha-

se, be it the grains of a porous medium or of a fracture filling, or the
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surface of a fracture ; the various alteration minerals existing as a

fracture coating or as clogging material ; the very thin layer of water

bound to the solid phase ; the water trapped in stagnant bodies ; the water

filling the low porosity of the grains (porous medium) and of the rock mass

(fractured medium).

Among the retarding mechanisms, one can roughly distinguish two

main categories :

- Physical retardation, meaning that the tracer will be physically

removed from the water circulation. This includes filtration, due to

the unability of the tracer to pass certain obstacles, like edges,

curves, constrictions between two grains,... This type of retardation

is often described by means of a decay constant, playing a similar

role as radioactive decay, and called filter coefficient (see for

instance AVOGADRO et al., 1983 ; SALTELLI, 1983). Another phenomenon

is diffusion into the grains of the porous medium or into the porosity

of the rock mass surrounding a fracture, perpendicularly to the con-

tact surface between water and solid. This mechanism, especially in

fractured rock, may be a very powerful source of retardation, and for

this reason is being carefully looked at experimentally as well as

theoretically (NERETNIEKS, 1980).

Chemical retardation : this includes very different phenomena, like

sorption, ion-exchange, precipitation-dissolution, chemical reac-

tions,... The present state of the art for modelling this kind of

mechanisms is rather primitive : on the one hand, the phenomenolo-

gical concept of distribution coefficient serves as a mean to relate

the concentration in solution to the sorbed fraction, according to an

hypothesis of instantaneous, reversible, linear sorption :

F = KdCd

A second coefficent p describes the fraction of the medium in

which the sorption takes place. This formulation is suited for bulk

sorption, in which case p writes (1- w)p , p being the rock density,

as well as for surface sorption, in which p is twice the surface area

par unit volume. Non linear isotherms can be considered as well ; non

instantaneous sorption is sometimes described by first order kinetics

(GOBLET, 1982 ; 1984).
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On the other hand, various chemical mechanisms can be described by

equilibrium or non equilibrium models. However, the coupling of these

models with transfer models, though realised in some specific cases

(VALOCCHI et al., 1981) is still at its starting point (RIBSTEIN,

1984).

To sum up, the interpretation of tracer data will generally imply

the use of the most simple interaction models, characterized by a small

number of parameters :

- Filtration : characterized by a filter coefficient.

- Matrix or porous grain diffusion : diffusion coefficient.

- Instantaneous linear sorption : Kd, p. It can be readily shown

that this is equivalent to assuming that the tracer is moving at an appa-

rent velocity, and therefore the characteristic parameter is an apparent

porosity, a'

- Non instantaneous linear first order sorption : y , Kd plus a

parameter describing the kinetic : k1.

1.5.- Some limits of the dispersion theory.

The classical theory of dispersion suffers some limitations, which

all stem from the fact that a diffusion model is used as a macroscopic

model to describe an essentially convective mechanism. We shall go briefly

through some of those problems, before describing recent extensions deve-

lopped to overcome them, and implying the use of new parameters in the

interpretation of tracer data.

1.5.1.- Retrodispersion.

The diffusive model is essentially symmetrical, implying that

under conditions of high dispersion, matter can move upstream if a down-

stream gradient exists. This is in particular the case for a pulse injec-

tion or on the back front of a long injection after the injection has

stopped. This can lead to concentrations unrealistically flowing upstream

of the injection point, which should not happen in the case of a purely

convective front.
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1.5.2.- Description of boundaries.

This point has been developped before : there is no mathematical

formulation to express that tracer is removed of the medium as it reaches a

limit without affecting the upstream distribution.

1.5.3.- Scale effect.

This is the more serious point. General experience on tracer tests

shows unambiguously that the dispersivity characterizing the transfer on a

given distance is a function of this distance. For instance, a 1 meter

experiment will yield values of dispersivity in the range of one centi-

meter ; a 10 to 100 m test will give values of the order of 1 meter ;

finally kilometer scale polluting events often show dispersivities of hun-

dreds of meters. This obsevation is generally related to the scale of

heterogeneity prevalent for a given developpment of the tracer and provo-

king the major mixing mechanisms.

A more refined analysis of tracer test data shows (DIEULIN et al.,

1981) that for a given degree of heterogeneity, a tracer pulse evolves from

its injection point with a dispersivity growing with distance. This is a

new concept which does not fit in the dispersion theory and therefore one

would be interested in knowing if and when an asymptotic state could

eventually be reached, characterized by the fact that dispersivity stops

growing and that the dispersion model becomes valid again. Theoretical

analyses by various authors (GELHAR et al., 1983 ; WINTER et al., 1983 ;

DIEULIN, 1984) suggest that after a transient phase characterized by an

increase of the dispersivity , an asymptotic value is to be expected after

a distance involving several "correlation lengthes" of the medium, i.e.

several times the size of the main heterogeneities. Some of these models

(GELHAR et al., 1983) propse various formulae relating the asymptotic

dispersivity to the variability of the permeability field, described by

statistical analysis.

This kind of model, which still needs a good amount of analysis,

particularly as regards its relevance to actual situations, would imply

the in situ determination of the correlation lengthes of the medium, which

can hopefully be approached through measurements like vertical flowmeter,

granulometric curves, point dilution tests, well loggings (resistivities,

y-ray,...).
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2.- NUMERICAL SIMULATION OF MASS TRANSFER.

Having presented the main mechanisms of mass transfer through

saturated media and given the expression of the classical dispersion equa-

tion, we shall now see how this model can be numerically implemented, i.e.

how one can actually compute a tracer concentration as a function of time

and space, given a certain set of initial and boundary conditions. As we

want to focus particularly on the interpretation of tracer tests, our

presentation will be divided in two parts : in the first one we shall

present a method of analysis which consists in adjusting the data to make

them fit one of an a priori given set of models. This implies a dimensional

reduction of the measurements and sometimes some additional treatment

which we shall discuss. In the second part we shall as a general rule not

modify the data, but rather tailor our numerical model to fit them. This

distinction is somewhat arbitrary, and in real situations one will often go

through both procedures, starting with a determination of parameters on

type-curves, then eventually reconstituting the data numerically and again

going through some curve-fitting to improve the data reproduction. But the

reason for this distinction is that the computation of "tailored" solu-

tions generally imply more sophisticated numerical methods which can be

used in a more general context of simulation of an actual field, while the

use of type-curves is essentially limited to the interpretation of tracer

data.

As will clearly appear later on, the choice of a particular method

is essentially function of the complexity of the situation, or rather of

what is known of it (structure of the medium, flow-field,...) and of the

time variation of the parameters and boundary conditions (variations of

the velocity field, of the injected concentration,...).

Most of the numerical treatments we shall describe rely on the

classical form of the dispersion equation, but we shall see that some of

these methods are able to accomodate new ideas as well like the ones we

discussed before (scale effect).

2.1.- Use of type-curves for the analysis of tracer tests.

2.1.1.- Basic principles.

The use of type-curves generally relies on the dimensional ana-

lysis of the dispersion equation. By scaling the coordinates with some
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appropriate measures related to the actual field situation and the concen-

tration by some maximum value (the last is possible because of the linea-

rity of the equation) one obtains a reduced form of the concentration

curves which does not any more depend on the actual size of the experiment

and can therefore be compared to curves established a priori. Let us

illustrate this in the simple case of one dimentional transport : let us

assume that we perform a short injection in an infinite medium and that we

observe the concentration at a distance L of the injection point. The

equation to describe the tracer behaviour will be :

caUD D - U cx- , assuming a constant velocity.
D 6x- - D 6x c it

(2.1.1.1.)

with initial condition :

C(x,0) = 0 V x ] - , + [

and the injection condition is described expressing that the total mass

remains constant in the medium :

+ O

JW C(x,t) dx = M V t

co

Introducing the scaled variables : X = x/L

tUD
T -L

c

equation (2.1.1.1.) becomes after some very simple manipulations :

1 62C 6C SC
P 6x -~X -ST

(2.1.1.2.)

This form of the equation shows that the dimensionless solution

depends only of the dimensionless parameter describing the ratio of con-

vective to dispersive transpert :

L (Peclet number)
ct
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The solution of interest to equation (2.1.1.2.) is the solution

for X = 1. It writes :

_ p (1 - T) 2

4T
M/ 4

C(1,P) = c e (2.1.1.3.)

So if one knew a priori the value of the scaling factors Lwc/UD,

one would be able to scale the measured concentration curve and to compare

if to a set of solutions like (2.1.1.3.), thus obtaining the value of P.

Unfortunatly uC is unknown. To overcome this drawback, solutions like

(2.1.1.3.) are plotted on a logarithmic scale, and so are the experimental

values. In this manner the scaling of t appears as a simple axis transla-

tion, as does the scaling of C by M/w C. The computed and measured curves

can therefore be superimposed. This operation gives two results :

- The value of P comes from the choice of the curve which best fits the

data.

- The reading of the actual t value corresponding to T = 1 gives the

value of wC, since :

tUD
T = 1 o= t = 

c L

This type of approach can be used with two and three-dimension

models provided the velocity fields is simple enough (uniform, radially

converging, radially diverging, dipole system for instance). If one has

measurements at various points, it is possible to check the consistency of

the parameters obtained.

Various sets of type-curves have been published (see for instance

SAUTY, 1977).

Sometimes some of those type-curves may not be in the range one is

looking for, or one may want to establish new curves for different experi-

mental set-ups. For this reason we shall review briefly some of the methods

available to establish type-curves.

2.1.2.- Computation of type-curves.

A wide range of methods is available for this purpose. Some of them

are discussed in detail e.g. in (BEAR, 1972) or (CARSLAW and JAEGER, 1959).

So we shall only insist here on more recent approaches.
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Use of Laplace transform : by transforming the basic equation and its

boundary conditions into the Laplace domain, one can come up in some

cases with ordinary differential equations which can be solved analy-

tically. The main problem is then to translate the solution from the

Laplace domain back to the time domain. Extensive tables:exist which

one can in some cases use after some manipulations, but in many cases

these tables are of no use. Numerical methods for the inversion of a

function have been successfully applied in these cases (HODGKINSON et

al., 1983). This broadens considerably the field of Laplace trans-

forms and can be viewed as a very powerful tool to establish type-

curves.

Use of discretized solutions : this method can produce solutions in

the most general conditions (SAUTY, 1977), provided that the accurary

of the solution has been carefully checked.

Extension of one-dimensional solutions to 2D situations by discreti-

zing the flowfield in independent flowtubes. This approach has been

used for instance by GELHAR & COLLINS (1971), and BIGOT et al.

(1984), using various simplifying assumptions to obtain the solution

in the flowtubes from a 1D solution

2.1.3.- Preprocessing of the data.

In some cases the experimental results cannot be directly compared

to the analytical solution because the type of injection does not have the

simple form suitable for this purpose : pulse injection, or injection at a

constant concentration. This happens for instance if one uses a mixing loop

to homogenize the solution in the injection borehole. In this case the

concentration in the borehole decreases exponentially.

Two approaches allow to overcome this kind of difficulty. Both

rely on the linearity of the dispersion equation. This property allows one

to obtain the answer to a time-varying mass flux from the answer to a pulse

injection by means of a simple convolution integral :

t

Y(M,t) = fH (M,T) x U(M,t- T) dT

CD
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Here U is the input function (mass flux injected).

H the transfer function.

Y the output (measured concentration).

The transfer function H is identical to the answer to a pulse

injection.

Based on this relationship two approaches can be taken :

Deconvolution of the output by the input. This mathematical operation

gives H, knowing Y and U. H can then be compared with type-curves as

explained before. It must however be kept in mind that several H's can

give nearly the same Y from a given U. So the solution may not be

unique. Furthermore, deconvolution is a difficult operation espe-

cially when dealing with real irregular data (MARSILY, 1978).

Choice of an a priori model (H function) and convolution to U, and

subsequent curve-fitting on Y using different forms of H. This may

appear less attractive since the direct use of the type-curves is not

possible, but direct convolution is a more easy to control operation

than its inverse. However, even this can produce oscillatory answer,

and therefore a preliminary smoothing of the input function may prove

necessary (GOBLET, 1982).

2.1.4.- Examples of available solutions.

We will not review here all the existing solutions, but only give

an idea of what is possible. Many analytical solutions have been published

in SAUTY (1977) or PIGFORD et al.(1981). The solutions available as type-

curves include :

- D dispersion : answer to a pulse injection, to a continuous injec-

tion, to a fixed concentration.

- D flowfield, 2D dispersion : this represents a spacially limited

injection in a parallel flowfield. The same solutions exist as above.

They may be easily extended to non-point sources.

- Radial converging or diverging flowfield : these solutions are not

easily computed as analytical formulae. They have been computed nume-

rically by SAUTY (1977). They include the same kind of input as above.
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Dipole system consisting of an injection well and a withdrawal well in

an infinite medium. The answer to a pulse injection, assuming no

transverse dispersion, has been computed by GELHAR (1982)and BIGOT etal.

(1984) using two different approximations which yield comparable

results.

2.1.5.- Applicability.

The use of an analytical solution is generally restricted to cases

where the velocity field has a simple geometry and does not vary with time

and where the source terme is well known and, preferally, simple (although

the deconvolution technique allows some extensions). Many small and ime-

diate scale (e.g., up to a few tenth of meters) enter this category if the

medium does not show a too high degree of heterogeneity. The case of

layered media has often been treated considering the layers to be indepen-

dant and superimposing the solution in each layer at the measurement point.

It is our feeling that this approach should be used only if the number of

measurements is sufficient to actutally demonstrate the existence of inde-

pendant paths, e.g. by showing consistently the multiple layer behaviour

at various distances.

In the case of larger scale tests, it is unlikely that a consistent

interpretation will be possible with a single model. The use of this type

of solution at various locations can however give a good idea of the

structure of the medium. This kind of approach was for instance used by

DIEULIN (1981) to show the importance of layering in an alluvial aquifer.

The use of classical dispersion equation with its unique value of

dispersivity could in some small scale tests be considered as a limitation.

DIEULIN (1981) has proposed a set of type-curves to deal with variable

dispersivity in the case of a pulse injection in a ID medium. This kind of

approach could be applied to more general flowfields, but the extension to

non instantaneous injections is not straightforward, since the leading

equation is not the classical one. Anyway, it should be considered a

priority to have measurements on various distances to test the relevance of

the classical model.

The data one needs to have to apply these curve fitting methods are

essentially concentration versus time curves at as many points as pos-

sible. The parameters obtained are dispersivities and tracer velocity. To
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obtain a value of kinematic porosity, one needs an estimation of DARCY

velocity.

2.2.- Numerical simulation of mass transfer.

The methods we are going to discuss now have a larger scope than

the mere interpretation of tracer data. Most of them have a sufficient

flexibility to allow the simulation of real field situations, with space

and/or time varying parameters, complex geometry and boundaries, non-

uniform initial conditions, complex history of source terms. They are a

fortiori able to be used as extensions for cases where an analytical

solution does not account for a tracer test.

2.2.1.- Extension of analytical solutions.

This approach is a further extension of the one mentioned before

(§ 2.1.2. : discretization of the flowfield into flowtubes) in that each

flowtude is discretized in its longitudinal direction in a small number of

subsections. Each elementary section is considered as having uniform para-

meters (permeability, porosity, dispersivity). The transition from one

section to the downstream one is made by use of convolution techniques.

Exemples of this approach can be found in HADERMANN and PATRY (1981). The

simplifying assumptions involved are :

-Flowfield constant in time ;

-No transverse dispersivity ;

- Continuity of concentration at the contact surface between a section

and the downstream one, but no continuity of mass flux ;

- Zero initial concentration ;

Input condition expressed as a variable prescribed concentration.

These models are generally able to deal with convection, disper-

sion, chain-decay, instantaneous linear sorption (Kd concept), eventually

matrix diffusion (although no such model exists, at least to our know-

ledge). Except in simple cases, the discretization in flowtubes implies an

a priori computation of the streamfunctions by a suitable method (analy-

tical, discretized in Finite Elements or Finite Differences).
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These methods are generally able to predict accurately the propa-

gation of sharp fronts.

2.2.2.- Discretized methods.

The purpose of these methods is to compute the value of the unknown

(hydraulic head or concentration) at a finite number of points chosen a

priori by the user. The value between these grid-points is assumed to be

obtainable through an hypothesis on the variation of the approximate solu-

tion : for Finite Differences, the unknown is assumed to be uniform on grid

blocks surrounding the grid-points, and therefore varies discontinuously

between two grid blocks. For Finite Elements, the unknowns are generally

assumed to vary continuously from one grid-point to the other, with a

degree of smoothness which can be almost arbitrarily increased by the

choice of the approximation degree.

The equation to be solved is generally extended to a small region

surrounding the grid-points by some kind of averaging, i.e. by multiplying

to a weighting function and integrating spacially.

The time avancement of the equations is generaly expressed on

discrete time-steps, that is one starts from O and has to compute all the

intermediate steps in their chronogical order : there is no way to "jump"

directly to a given date.

These formulations have the same abilities than the extended ana-

lytical ones, but allow furthermore :

- A time-variation of the flowfield, which implies that the flow and

mass transfer equations are sequentially solved at the same, or at

different, time-steps.

- A more continuous variation of physical properties, since a different

value can easily be assigned to each grid-block.

- Consideration of transverse dispersion to a variable degree (this

will be developped later).

- Continuity of flux (F.D.) and of concentration and flux (F.E.) at

interfaces.

- Arbitrary initial and boundary conditions.

- Input conditions expressed as prescribed flux or concentration.
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Compared to the semi-analytical methods, they show some limita-

tions :

- Impossibility to jump to an arbitrary date (although some semi-analy-

tical methods imply at least a rough discretization to be able to

compute the convolution integrals).

- Difficulties to deal with sharp fronts.

- Very restrictive discretization rules : two general rules to be kept

in mind are :

- For space discretization : maximum space-grid equal to twice the

dispersivity (for F.D. and first order F.E.). This can be somewhat

extended by higher order F.E. and, for any scheme, by actual expe-

rience in the running of a code. Non-respect of this rule results

in symptomes known as overshoot and undershoot, that is oscil-

lations of the numerical values.

- For time discretization : not more than one grid-block crossed in

one time-step. One again this can be overruled with practical

experience.

Finite Elements and Finite Differences are different in that F.E.

are generally more complex to implement, but add a few possibilities :

- Arbitrary contours are easily modelled ;

- Non-isotropic dispersion tensor is very easily implemented. This can

be done in F.D. using 9 points schemes which are rather tiresome to

programm.

- A higher degree of continuity can readily be achieved choosing the

right approximating functions, at least on regular rectangular grids.

- A higher generality of the formulation allows to include very easily

new mechanisms.

2.2.3.- Methods of characteristics.

The basic idea behind this concept is to represent the tracer by a

set of moving points, each of which can be attributed a mass. The process

is discretized in time ; the position of each particle at a given time-step
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can be deduced from its postion at the previous time-step and the value of

the velocity at this point. One has therefore to provide a velocity field,

be it analytical or the result of a discretized flow model. The concen-

tration at a given point can be computed by adding the mass of all parti-

cles present in a choosen area or volume and dividing this mass by the

appropriate area or volume. This technique is generally applied on a fixed

grid. Instead of following each individual particles, one often agglome-

rates them where they are in great number and generates new ones by decom

position where they are too sparse, so as to maintain a certain level of

precision. This process can create artificial dilution.

The method of characteristics is otherwise well suited to the

description of convective movement. In uniform flowfield, it does not have

the time discretization limits encountered with F.D. or F.E. methods.

The simulation of dispersion implies an extension of the method

which is generally realised in one of the two following manners :

- Superpostion of a brownian movement to the convective one at the end

of each time-step. This is the Discrete Parcel Random Walk method

(AHLSTROM & al., 1977). For a more sophisticated treatment of the same

approach, see e.g. NEUMANN (1981).

The advantage of these methods on F.E. or F.D. is their ability to

propagate sharp fronts. A disadvantage of the D.P.R.W. method is the dif-

ficulty to generate accurate values for small concentrations unless a very

large number of particles is used (INTRACOIN report, 1984). Another pro-

blem is the rather complex treatment of boundaries (addition and removal of

particles) and of wells (making sure that the particles do not miss the

well). The more recent versions (NEUMANN) seem to work with time-steps far

larger than those used by F.E. or F.D., and have no instability limitation

involving a space discretizing limit. This method is therefore very pro-

mising, provided it can be made sufficiently general and flexible to accom-

modate extra mechanisms like interaction,...

Another use of the particle methods has to be mentioned here.

Assuming the velocity field is a numerical realization of a random field,

one can compute the behaviour of a tracer in such a field. By summing a

sufficent number of such realizations in a Monte-Carlo type of approach, it
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is possible to obtain the average behaviour of the tracer and see if it

looks like a convective-diffusive behaviour. This kind of approach has

been used by WARREN & SKIBA (1964) and, more recently, by SIMMONS (1982)

and DIEULIN (1984). Its use can be envisioned in two directions :

- Theoritical, as a means to check the existence of a dispersive regime

and to assess the critical time necessary for its apparition, and

furthermore to relate the dispersive tensor, if any, to the structure

of the velocity field.

- Practical, to simulate the possible behaviour of a tracer in a real

field which is known through statistical parameters (permeability

covariance).

2.2.4.- Simulation of retarding phenomena.

Most of the above-mentioned discretized methods and methods of

characteristics allow to introduce some retarding phenomena like matrix

diffusion or simple non instantaneous sorption. The simplest way to do so

is generally to compute first the transfer on one time-step, using a

retarding source term derived from the concentration at the previous time-

step, an then to apply the retarding model to the concentration just

computed. If needs be, a corrected source term can then be computed and the

transfer can be recalculated in an interactive process. Matrix diffusion

is generally simulated on the basis of a ID, F.D. approximation. Difficul-

ties arise when the kinetics of the retardation are very different from

those of mass transfer, or when the retardation affects considerably the

transfer. For instance, a strong matrix diffusion makes it difficult to

compute concentrations in fractures (see e.g. INTRACOIN report, level 1,

case 5).

The semi-analytical methods are much less flexible, since the re-

tarding phenomena has to be taken into account in the analytical solution,

which can modify drastically the numerical treatment.

2.2.5.- Applicability of the numerical methods of simulation to tracer

tests.

A first question one is inclined to raise in view of all the

existing methods is how they compare as regards their accuracy. The INTRA-

COIN project has given the apportunity to compare on benchmark cases the

following methods : analytical and semi-analytical methods, Finite and
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Integrated Finite Differences, Finite Elements, Discrete Parcels Random

Walk methods. It has been shown (INTRACOIN Level One Report) that within

their specific range of validity, and assuming a good knowledge of their

specific requirements, all these methods were able to provide answers

agreeing within a range of 10 to 20 %, and often very much better (errors

on maximum values and on peak times often of the percent order of magni-

tude). The choice of a particular method is therefore essentially function

of the use one wants to do of it : which degree of generality does one want

to obtain ; is it necessary to include easily non uniform parameters,

variable flowfields, new mechanisms,...

Most of these methods, except the methods of particles, are stric-

tly restricted to the classical dispersion equation. The parameters they

will use are therefore either a water velocity field or a (DARCY velocity,

kinematic porosity) field, a dispersion tensor (longitudinal for semi-

analytical methods, isotropic for 5 point F.D., anisotropic for 9 point

F.D. or F.E.). The more recent particle methods based on the Monte-Carlo

approach will use a statistical description of the velocity field (mean-

value and covariance functions) and may describe a non dispersive beha-

viour.

All methods will use the same parameter to describe the retarding

mechanisms : Kd or retardation factor, kinetic coefficient, matrix dif-

fusion coefficient. Other necessary data include the initial concentration

field and the source-term, expressed either as fixed concentration or as

fixed mass flux.

All non-probabilistic methods will produce concentration fields at

the gridpoints for various times. As a by-product, probabilistic methods

will produce error intervals. Mass fluxes can easily be calculated from the

concentrations.

It can be seen that, as a general rule, the rather sophisticated

methods described in § 2.2. should be used only if the simpler ones prove

inadequate because of data sufficiently precise to show their inapplicabi-

lity : for instance, if one knows a priory the geological structure of the

medium, or if the flowfield is well characterized and too complex to be

approximated by an analytical model. Generally, the curve-fitting proce-

dure is very time-consuming on sophisticated models, while the choice of a

type-curve is a straightforward operation.
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REVIEW OF EXISTING MATHEMATICAL MODELS FOR
INTERPRETATION OF TRACER DATA IN HYDROLOGY*

A. ZUBER
Institute of Nuclear Physics,
Cracow, Poland

Abstract

The paper reviews advantages and limitations of the mathemat-

ical models applied for the interpretation of artificial tracer

experiments and environmental tracer data.

PRZEGL4D ISTNIEJ4CYCH MODELI MATEMATYCZNYCH STOSOWANYCH

DO INTERPRETACJI DANYCH ZNACZNIKOWYCH W HYDROGEOLOGII

Streszczenie

W pracy rozwalano zalety i ograniozenia modeli matematycz-
nych stosowanych w interpretacji eksperyment6w znacznikowych
i radioizotop6w srodowiska.

OB30P CYRECTBYOIlX MATEIdATZECKHX MOflJIE nPHMEHHEMUX
B rFOtPOrEOIOPhM WJ WHTEPHPETAIHI IAHHbX 0 KOHUEHTPALHUI

TPACEPOB

PesioMe

B pa6oTe o6cyrlAeHo aocTOMHCTBa M orpaHmqeRHI MaTeMaTrqe-
CKMX uoAlenae npMMeHaeMNx B MHTepnpeTa4M MHAzxaTOpHUX s3cnepeMeH-
TOB M paUMOM30TOnoB oKpyzaKoiel cpeas.

1. INTRODUCTION

This paper is an attempt to review and classify the mathe-

matical models which have been used for the interpretation of ar-

tificial tracer experiments and environmental radioisotope data

in groundwater hydrology. It is generally understood that without

models a proper interpretation of tracer data is hardly possible.

* This is a corrected version of the invited working paper presented at the Meeting.
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The theoretical achievements of recent years, however, are not

well known and, consequently, the development of measuring tech-

niques often is not accompanied by a parallel progress in inter-

pretational methods. The interpretation is usually limited to sim-

ple models which often are far from adequate ( e.g., in the case

of environmental tracers it is the piston flow or exponential

model, whereas in the case of artificial tracers the model is the

simplest solution to the dispersion equation or is an approximate

method without a physical justification).An experimenter seldom

seeks advice from a theoretician, knowing how to use simple models

and considering them sufficiently exact. Theoreticians, on the

other hand, tend to present simple problems in the form difficult

to understand and to apply. The result is a gap between theoret-

ical achievements and experimental practice

The considerations of this paper are limited to conservative

tracers with the exception of tracers whose decay serves for deter-

mining the age of water. A detailed discussion of the basic terms

used in the paper can be found in [1,2] . Here, the most contro-

versial ones will be recalled and discussed. The most important

problem is the definition of an ideal tracer for tracing the mass

transport of any medium. Of course, an ideal tracer must behave

exactly as the traced material does, otherwise it could not be

called a tracer. However, manE investigators forget that "tracers

exist in atomic form ( e.g., 5 Kr) , in ionic form ( e.g., Cl-,

14C03) , in molecular form ( e.g., tritiated water or 14C02) ,
and in grain form (e.g., sand grains or pebbles artifically traced

with a radioisotope or dye in sediment movement studies), but they

do not exist in the required flux form" [2] . Thus it remains an

open question when and under what conditions a given tracer rep-

resents the flux ( mass transport) of a given medium. The best

examples showing that an ideal tracer may represent the mass trans-

port wrongly can be found in [3] and [4] . Here, the latter exam-

ple is shown in Fig. 1, where the simultaneous movement of several

salts in a laboratory column was observed. The discussion is lim-

ited to the movement of Ca2+, which was additionally traced by an

ideal tracer, Ca2+. The front CaCa2+ concentration in moving

water moved with the velocity very close to that of C1 and the

velocity of water , known from the volumetric flow measurements.

However, the movement of 45Ca+ was considerably delayed with re-

spect to the movement of water and the movement of Ca2+ front ob-

served chemically. All this means that the exchange was mainly
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FIG. 1. An ideal tracer for calcium ions, i.e. 45Ca 2+, moves in a
laboratory column with a different velocity than the front
of Ca2+ [4]. co - concentration in injected water, cb -ini-

tial concentration in the system, i.e. background concentra-
tion.

between Ca2+ and Ca atoms bound in the soil material. As a result

the mass transport of Ca2 + observed chemically was not delayed,
because any ion disappearing from the solution was replaced by
another ion released from the solid material . Thus, chemical an-

alyses made possible observations of the bulk movement of Ca2+

front, but did not supply any information on the exchange rate.

On the other hand, the radioactive ions, i.e. 45Ca2+ , did not

yield the velocity of the Ca2+ front (mass transport), but they

did supply information on the behaviour of calcium in the system,

i.e. on the exchange with the solid material.

Similarly, an ideal tracer for water molecules, which is

tritium, will be delayed with respect to the bulk water movement

in media containing either stagnant water pores or the water baun
in the solid material. This is shown schematically in Fig. 2 .
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A

Q MOBILE WATER VOLUME t =Vm/Q

Vm. t = tt

B

Q MOBILE WATER VOLUME t = V, /Q

Vm t = (V, +Vm)/Q=

(1+V,/Vm)to
DIFFUSION
and/or

EXCHANGE

STAGNANT RESERVOIR,V,

FIG. 2. A scheme showing that the presence of stagnant reservoir into

which tracer may diffuse makes the determination of bulk flow

parameters difficult. Note that in both systems the flow pa-

rameters are the same, but the movement of particular mole-

cules, including tracer particles, with respect to the bulk
movement of water may be considerable delayed.

The hydrologist is interested in the moving water, in its veloc-
ity and volume, but neither in the velocity of the tracer nor nthe
total volume of the system available for the tracer. Thus any math-
ematical model which does not take into account physical behav-
iour of the tracer in a complex system may yield wrong results, as
far as the mass transport (water velocity or volumetric flow
rate) is concerned.

Before going further with the discussion of some "self-evident"
terms, the reader should be reminded that mathematical models can
be used for various purposes. Namely, they may be used for a bet-
ter understanding of the phenomena involved and for determining the
importance of particular parameters. Then the larger the number of
parameters, the better the description of the phenomena. On the
other hand, when the model is used. to determine some parameters of
the investigated system from the input and output tracer data (the
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inverse problem),the number of fitting parameters (sought or non-

disposable parameters) should be kept as low as possible.

Concentration is one of the most "self-evident" terms which

has to be revised for dynamic systems. The resident concentration

( R) expresses the mass of solute (Am) per unit volume of fluid

( AV) contained in a given element of the system at a given moment

t :

cR(t) =Am(t)/AV (1)

The flux concentration (c)) expresses the ratio of the solute
flux (Am/At) to the volumetrix fluid flux (Q = AV/ At) passing

through a given cross-section :

Am(t)/At A m(t)
cF (t) t= (2)

AV/ At Q At

These two definitions are taken from [5], but we shall also
use the elegant and convenient definitions, introduced in [6].

Namely, cR can be treated as a mean concentration obtained by

weighting over a given cross-section, whereas cF is a mean con-
centration obtained by weighting by the volumetric flow rates

of particular flow lines through a given cross-section of the

system.

It appears that the differences in the concentrations ob-

served not only result from the detection mode, i.e., not only

from the measurement of cR or cp , but they also depend on how

the tracer is injected into the system. Excluding from the dis-

cussion arbitrary injections, the tracer may enter the system

either proportionally to the cross-section area or to the velocity

of particular flow lines. In order to distinguish between these

two cases we shall add an subscript to describe the distribution

of tracer over the entry to the system and another subscript to

describe the time distribution of tracer at the entry. So, final-

ly, we shall have eight clearly defined theoretical possibilities

of the injection-detection mode : cIF,' IR' cIFR' cIRF' CCFF'

CGRR', CPR, and C RF where the first subscript stands for the

time mode of the injection (I-instantaneous, C- continuous) and

the next two subscripts stand for the weighting modes at the entry

and at the measuring cross-section, respectively. Three of the

eight possible combinations of the injection-detection modes are

shown schematically in Fig. 3.
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FIG. 3. Some examples of possible injection-detection modes : A- in-

stantaneous( planar) injection proportional to cross section

area and detection of the resident concentration ( proportion-

al to cross-section area) B- instantaneous injection of

flux mode and detection in flux , C- continuous injection

proportional to cross-section (resident mode) and measure-

ment as in A.

Consider now as an example one of the simplest systems,i.e.

a capillary with a laminar flow. At a short distance the influence

of molecular diffusion is negligible and one may assume that

tracer particles do not move from one flow line to another , and,

consequently, the observed tracer distribution results only from

the parabollic distribution of flow velocity and from the injec-

tion-detection mode. For an instantaneous injection the following

formulae are easily obtained [7] :

cIRR (t) = ( M/2V)( to/t) (3)
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cIR (t)= cIR(t) =( M/2V)(t o / t )
2

cIFF (t) =( M/2V)( to/t)

for t 0.5 to

(4)

(5)

and c(t)= 0 for t < 0 (6)

where V is the volume of water in the capillary between the in-
jection and detection cross-section and to is the mean transit

time (exit age, turnover time) of water defined as

t o = V/Q 0 (7)

If the capillary is long enough, or the mean velocity of the

flow low enough for the molecular diffusion to become a dominant

process in the transverse mixing, the tracer distribution is giv-

en by a solution of the dispersion equation [8]. In the interme-

diate cases no theoretical formula is available. The tracer

curves are then flat with a long tail [9] as shown in Fig. 4 .

z

z
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0

O

U

0
U

>

_-

1.0
RELATIVE TIME, t/to

2.0

FIG. 4. Tracer distributions in a capillary with a laminar flow. They

depend on the injection-detection mode and/or on the physical

conditions of the system.

75



This example of the behaviour of a tracer in a capillary clearly
indicates that the tracer distribution, though dependent on the

distribution of flow line velocities, does not represent the sys-
tem in a unique way, because it also depends on the injection-

detection mode and on the physical behaviour of the tracer in the

system. Thus the applicability of any "general theory" of the

tracer method which does not take into account these effects is

rather limited.
In this paper an effort is made to review the most important

models which either are or could be applied to the interpretation

of tracer data. The paper by no means covers the subject comple-

tely. It rather represents a guide to models and the author's

opinions on the advantages and disadvantages of those models.

2. SOLUTE TRANSPORT IN POROUS MEDIA

2.1. Models

A number of models have been developed for the description
of solute transport in porous media. The most common model is
the dispersion equation [10] :

ac a ac
- = [Dj - vic] ,(8)

at a 3x i x l

where c is the solute concentration , t is the time variable ,
xij are the space variables, vi is the component of the inter-
sticial flow velocity in the i-th direction, and Dij is the dis-
persion tensor. The similarity of the hydrodynamic dispersion to
the molecular diffusion used in derivation of Eq. 8 is purely for-
mal and incomplete. In the case of the hydrodynamic dispersion

it describes in approximation the macroscopic effects of different
physical processes for which the concentration gradient is not the

driving force. All this means that Eq. 8 is not physically justi-

fied and is used only because it successfully describes the exper-

iments and because there are no other adequate models.

In artificial tracer experiments the coordinate system is
usually selected in such a way that the x axis is parallel to the
velocity vector. Then the dispersion tensor is described by two
independent coefficients DL and D (longitudinal and transverse
coefficient of dispersion, respectively). Assuming that both coef-
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ficients are proportional to v one gets

I ao a2 c ac 2a a c
- -- L '2 + ( -2 + -7 - - (9)

v at ax ay aZ ax

or for the unidimensional flow

1 a c $2 ac
- = ---- - , (10)

v at ax ax

where oL= L/v , and a T= DT/v are constants called the longi-

tudinal and transverse dispersivities, respectively.

As mentioned earlier the common definition of the concentra-

tion is exact for immobile fluid only. In the case of mobile

fluid there are two possible definitions, and, consequently, two

possible realizations of the measurements. for the unidimension-

al dispersive flow the following formula relates both types of

the concentration [5] : Flux of tracer = Convective transport +

Dispersive transport, i.e.

pv = CRv - DL- a (11)
ax

It appears that Eqs 9 and 10 are valid both fox c F and cR

even if the first order reaction term is included [11, 12]. This

means that whether a given solution to Eq. 9 or Eq. 10 is in terms
of c. or ,R' depends on the boundary conditions which also de-
scribe the injection mode. Limiting the discussion to a unidimen-

sional flow there are four analytical solutions to Eq. 10 for an
instantaneous injection. Following the notation introduced in

Sect. 1 we have :

CIR (X t ) =S (- 4 112 e 4 I (12)
I'S I t) r Dt

c M - XU + v exp[- -(-L. ; 1 (13)
cIR(xt) - nS 2v( 4 Dt )-/-e 4Dt

M x+ t,

Wx)^ ̂ Y,^ ^t-^f^] , (1i)

CII?7(Xvt) = -- W el4D(X vt , (14)
o' v (47cDt /3) / 4Dt ]

a't) TM { 2 exP [_(x-vt )2 
n S ( 4(xDt ) 1 4Dt
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v Dvx > x+vt r- v exp( - ) er c[t 1
~2D D (4 Dt)1/2

(15)

where M is the injected mass or activity , n is the porosity ,

S is the cross-section area normal to flow direction, and DL is

given as D for the sake of simplicity. The boundary and initial

conditions used in the derivations of Eqs 12 to 15 can be found

in [5] whereas some examples of numerical differences between

these equations are given in Fig. 5 . Here let us remember that

according to Fig. 3 Eqs 12 and 13 are valid for an infinitemeadium

( x from -o to +oo) in which the injection is performed in an in-
finitesimaly thin slab, thus it is more appropriate to call it a

planar injection [11]. Mathematically this injection mode is de-

scribed by the Dirac delta function defined for the x variable,

6(x) . Eqs 14 and 15 are derived for a semiinfinite medium which

is entered by a tracer appearing for an infinitesimaly short time
in inflowing water. Mathematically, this. injection mode is de-

scribed by the 6(t) function.

U

0 I I II 1 1 1. 

0.0 0.5 1.0 1.5 2.0
t/to

FIG.5. Examples of different possible tracer distributions for uni-

dimensional dispersion model.
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The realization of any of the above injection-detection

modes in natural systems usually is difficult. In artificial

tracing the cFP mode is sometimes easy to realize. Environmental

tracers usually enter groundwater bodies with infiltrating water

(i.e. proportionally to flow rates) and are often measured in

outflows (e.g. springs or rivers draining a given groundwater sys-

tem) . In such cases the cpF mode is realized automatically by

nature itself. Thus Eq. 14 is the most adequate in the majority

of cases. Unfortunately, some researchers stick to the least ad-

equate Eq. 12 , disregarding the existence of other solutions.

They go so far that they even claim Eq. 12 to be a solution for
the 6(t) injection, which leads to serious confusion.

In groundwater experiments, the concentration is usually

measured at a given distance x = x1 as a function of time .

Then it is convenient to normalize Eqs 12 to 15 in such a way
that instead of v the mean transit time of water appears

to = X/v (16)

and instead of D the dispersion parameter, which is equal to

the reciprocal of the Peclet number well known in chemical engi-

neering, i.e. D/ (vx)= Pe- . Examples presented in Fig. 5 show
that when D/(vx) 0 0.1 numerical differences between particular

solutions are in field practice negligible. Other authors consid-

ering solutions for continuous injections accept even stronger

criteria, e.g. D/(vx) < 0.01 [13], or in the case of radial

flow D/(vx) < 0.07 to 0.17 [14]. For 0.1<D/(vx) <5 the dif-

ferences become essential though the accuracy of the parameter

determination [i.e. to and D/(vx)] is limited due to the inter-

play of parameters. For D/(vx) > 5 the interplay of parameters

makes the dispersion model useless, because different pairs of

the parameters give the same tracer curve within a given measure-

ment accuracy. A detailed discussion of this problem can be found

in [15] and some examples also in 1 ].

The mean transit time of water is equivalent to the turnover

time, defined as the ratio of the mobile water in the system

(Vm) to the volumetrix flow rate (Q) :

x Snm x V m
t = = - - (17)

v Sn m v Q
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From (17) it is clear that for a system with variable cross-sec-

tion area and/or variable porosity the velocity is not constant
and represents the mean value along the distance x . The turn-

over time does not describe the system behaviour sufficiently.

One would like to know the time distribution of flow lines .

Thus it is convenient to define the exit age-distribution func-

tion, or the transit time distribution, E(t) , which describes

the exit time distribution of incompressible fluid elements of

the system (water) that entered the system at a given t = 0 .

This function is normalized in such a way that :

0o

fE(t)dt = 1 (18)
o

From the definition of the E(t)-function we have :

I tE(t)dt = to (19)
o

which means that the mean age of water leaving the system is al-

ways equal to the turnover time.

Now, having defined the terms related to the system we shall

come back to the behaviour of the tracer, which is supposed to

supply information about the system. The arithmetic mean transit

time (Et) of a tracer is defined as :

oo ot

t = I tc I (t)dt/c(t)dt , (20)
o 0

where cI (t) is the tracer concentration observed at the meas-

uring point as a result of an instantaneous :njection at the en-

trance to the system at t =0. This definition is applicable to any in-

jection-detection mode. It maybe easily checked by putting Bqs 3-5,

and Eqs 12-15 to Eq. 20 that tt is equal to to, only if a con-

servative, non-delayed tracer is both injected and measured in the

flux , i.e. if the cIFF(t) function instead of the unspecified

cI (t) is put in (20). It will be shown further that when there is

a stagnant water volume in the system, into which the tracer may

diffuse, the mean transit time of tracer differs from to(compare

also the example of the 5Ca + tracer given in Sect.1). In the

system analysis approach it is possible to define the mean transit

time of water as that resulting from the total volume accessible

to water molecules. Such a definition would not be convenient for

practical purposes, when the mass transport is to be considered.
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However, even with that definition the differences between tt and

to exist when the tracer is not injected and/or not measured in

the flux mode. Thus, again, we may state that any tracer theory

which does not adequately take into account the injection-detec-

tion mode is not complete. In other words, if one wants to get

meaningful results the tracer cannot be injected and measured ar-

bitrarily. Of course, this does not mean that the tracer must be

injected and measured in the flux mode only. Other modes are ac-

ceptable, if a proper model exists. For instance, in the case of

capillaries (see Sect. 1) Eqs 3 and 4 may serve for determining

the mean transit time of water, though the mean transit time of

tracer has no physical meaning in these cases.

Now, seeing that the tracer, paradoxically, behaves differen-

tly than the traced mass, it is necessary to define the transit

time distribution function for the tracer, g(t),called also the

system response function or the weighting function. This function

describes the exit time distribution of particles of the tracer

which entered the system at a given t = 0 . Thus we may write :

g(t) = c(t YfC o(t)dt. (21)
o

From the above definition and from Eq. 21 it becomes clear

that the concept of the g(t)-function is applicable to any detec-

tion-injection mode, provided it is instantaneous and reproducible.

The response of the system to a continuous injection canbe obtain-

ed by a proper convolution [5] ,i.e., by integration of the

CIFR (xt) and cIFF(xt) functions over the injection time or by
the integration of the CiRR (Xt) and CIRF (x, t) over the injec-
tion space.

The identity of tt with to when the tracer is injected and

measured in the flux mode means that only then one may expect the g(t)

and E(t) functions to be identical. It is a common mistake to identify

either the g(t) or E(t) function with the distribution of flow-line

velocities. This is true only if both functions are identical and if it

may be assumed that there is no diffusion of tracer between particular

flow lines.

It follows from the above discussions that the definition of an ideal

tracer, i.e., as having the weighting function equal to the E(t)

function would be inappropriate. Considerations on the E(t) function,

which is also called the residence time distribution (RTD), as related
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to the mean transit time of a tracer given by Equation 12 and the mean

transit time of the traced mass are also found in chemical engineering

applications of the tracer methodology [161.

Now, after this general discussion based on the examples resulting

from the capillary and dispersion flow models we may return to discussing

the dispersion equation and its solutions in detail. A crucial question

concerning the applicability of Equations 12 to 15 is whether the

solutions derived for an infinite or semiinfinite medium are applicable

to finite media. For a finite column an unavoidable condition appears at

the end of the column, namely

a c
ax (22)

x=Il

For a pure molecular diffusion this condition is selfevident and

unquestionable. However, in the case of dispersive transport it would

mean a boundary which is permeable for the convective flow and

impermeable for the dispersive flow. It is difficult to imagine

how such a boundary may be realized in an experiment. It is

difficult to evaluate the laboratory experiments in this respect

because in the case of low D/(vx) values, as observed in labora-

tory columns, the differences are not sufficiently distinct,

Most authors apply infinite or semi-infinite solutions to

finite media without any comment. Some others apply solutions ob-

tained for the condition (22) which, as mentioned above, is also

doubtful. It seems that for a flow with a pure hydrodynamic dis-

persion the assumption that the second boundary does not disturb

the flow is a better approximation than the condition (22). How-

ever, for a very slow flow in which the molecular diffusion is not

negligible, neither the flux injection nor the flux detection can

be realized properly. In such a case of a transient flow the flux

boundary conditions and the flux solutions are most probably un-

applicable.

Another question concerning the applicability of Eqs 9 and 10

and their solutions to the interpretation of tracer data arises

from the assumption of constant dispersivities. It is well known

and documented that dispersivities observed in field experiments

are orders of magnitudes higher than those known from laboratory

measurements. This effect of macrodispersion mainly results from
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heterogeneity of water-bearing formations. It is self-evident that

depending on the scale of experiment relative to the scale of het-

erogeneities different dispersivities may be expected. Thiseffect

is also well known as the so-called scale effect. The existence

of this effect means that the solutions to the dispersion equa-

tion obtained under an assumption of constant dispersivities do

not adequately describe the real dispersion process. The experi-

mental evidence of scale effects can be found in a number of works.

Compilations of dispersivities obtained in different field exper-

iments also show a general dependence of the dispersivity on the

scale of experiments [17,18] . Both experimental works and theo-

retical considerations [e.g. 19] lead to the conclusion that in

most aquifers the asymptotic dispersivity can be obtained. Numer-

ical simulations presented in 120] show that "the effect of early

time scale-dependent dispersion may be, in some cases, of little

consequence in predictions at large mean travel distances. For

such situations, the system can be adequatly simulated with the

classical advection-dispersion equation using only the asymptotic

dispersivity".

A tracer experiment aimed at determining the dispersivity may
fail if its scale is smaller than the scale of the planned prediction.

Some authors give very pessimistic estimates in this respect. For

example, the results of a study conducted on a layered aquifer [213

indicated that the asymptotic dispersivity is difficult to achieve even

for large distances and long ravel times, and this conclusion has been

attributed to "an average alluvial aquifer" [22). It should be noted

that in such cases, if a layered aquifer can be treated as a

deterministic system, a relatively small scale experiment to observe the

tracer movement in particular layers can be performed. Next, a

numberical solution of the transport equation by taking into account the

parameters of particular layers can be used".

In some cases another approach may be applied to heterogeneous

media. Imagine that in an experiment on a small scale different flow

paths with individual dispersivities are observed. Assuming that these

flow paths result from heterogeneities which further downstream will

cause the transverse mixing sufficient to produce a single tracer curve,

the variances of particular tracer curves may be added, applying the

principle of the additivity of variances. From the total variance, the

total dispersivity is easily calculated. Examples of this approach can
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be found in [1, 23, 24]. Here a short summary will be given. A number

of measurements by the two-well pulse method was performed in 5 pairs of

wells penetrating a Triassic limestone formation. In each experiment the

distances between the wells were about 20m whereas the thickness of the

confined permeable formations were from 30 to 60 m. The interpretation

was performed by the unidimensional approximation as there are no

analytical solutions for radial flow in the case of a high dispersion

parameter. The average total dispersivity was, according to Table I in

[1], 20 to 55 meters, depending on the method of interpretation [see an

earlier remark on the limited accuracy of the model in the case of a high

dispersion parameter, D/(vx)l. In the same aquifer a pollutant appeared

which travelled to one of the mines about 3770 m in 1800 days [25]. The

dispersivity observed in the water inflowing into the mine was about

38 m, which is within the range of values listed for the experiments

performed on a 200 times smaller scale.

As has already been said the scale dependent dispersion can

be taken into account in numerical solutions of the dispersion equation, but

cannot be explained and, consequently, predicted by that equation. This fact

prompted many investigators to the development of other models which would

describe the mechanism of the scale dispersion and/or the dependence of the

dispersivity on the heterogeneity of groundwater systems. The earliest work

126] was based on a Monte Carlo simulation which generated different

realizations of a hydraulic conductivity field from a set of statistical

parameters characterizing the medium. In [271 the approach of [26] is

improved, mainly by generating the spatially autocorrelated conductivity

fields, by increasing the scale of calculations, and by taking into account

the microdispersion in particular blocks. The authors of t27] concluded that

the classical dispersion equation cannot be applied to heterogeneous media and

that no constant dispersivity can be obtained even for large distances. The

approach developed in [271 seems to be most promising due to its flexibility

and because it allows one to make predictions for the media in which the

probability distributions of parameters are known. However, the conclusions

concerning the non applicability of the dispersion equation and the non

existence of asymptotic dispersivity should be considered rather cautiously

since an assessment has not been made of whether the number of particles taken

for calculations was adequate to represent a real mass transport and the

accuracy of calculation was sufficient.
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In (191 the stratification of an aquifer is treated as a stochastic

process. The authors came to the conclusion that the easymptotic dispersivity

may be achieved at large distances and times. They also proposed to improve

the dispersion equation by adding terms with higher derivates. Unfortunately

this improved equation is too complicated to be of any practical use.

In [211 the stratification was also treated as a stochastic process with a

conclusion that when the flow is parallel to the stratification the asymptotic

dispersivity is never achieved.

The importance of all these works, and of others quoted there, should not

be underestimated as far as understanding of the mechanism of macrodispersion

is concerned. However from the practical point of view some comments should

be added. First, as already said, in some cases the layering is distinct (e.g.

see [28, 29]) and the system may be treated as deterministic with measurable

parameters of particular layers. Then, for the purpose of predic-

tion these parameters may be used in a numerical solution to the

dispersion equation. Second, in granular media of a fluvial or

fluvio-glacial origin particular layers are usually of a very lim-

ited extension, thus the ergodicity in such media should be

achieved much faster than in infinitively extended layeres consid-

ered in the theoretical models. Third, in all the above cited

works on new models an unfair treatment of the dispersion model

is presented. Namely, a flow which satisfies Eq. 8 is called the

Fickian flow. But in fact checking if the flow is Fickian or not

is performed using the following formula :

ar = 2Dt , (22a)

or other related formulae, which represent the space variance of the

cIRR solution in unidimensional flow CEq.12). Eq. 22 a as has been
said is not applicable in the cases where numerical solutions

should be applied. It is not applicable either, in the cases of

flux injection or detection where a high asymmetry of tracer dis-

tribution in time is observed and where the space distributions
are unmeasurable, and their variances have no physical meaning
because they are not properly normalized [5]. All this means that
contrary to common claims of theoreticians the asymmetry of a
tracer curve is not a sufficient proof of a non-Fickian flow.
Fourth, the CiRR solution, when applicable (planar injection in
an infinite medium, as explained earlier), correctly predicts an
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upstream dispersion of solute. The CIFF and cIF R solutions do not

give an upstream dispersion. Thus, a frequent claim that close to that

injection point (see e.g. [21])the dispersion equation is not valid

is physically unjustified because it is based on the behaviour of

Eq.22a, in the cases where Eq. 14 or Eq. 15, should rather be ap-

plied. This statement does not mean that analytical solutions to

the dispersion equations are applicable close to the injection

point in the case of stratified media.

It seems that the confusion related to the dispersion equa-

tion results, to some degree, from the existence of several ana-

lytical solutions, whereas the majority of investigators are used

to Eq«12 only. Another difficulty comes from a common practice of

defining the dispersion coefficient, or the dispersivity, by Eq.

22a, whereas the dispersion tensor or the dispersion coefficients

in the simplified forms of the dispersion equation should be de-

fined as those satisfying Eq. 8, or its simplified forms, depend-

ing on the situation considered.

As mentioned earlier the scale dispersion may be modelled by

allowing the dispersion coefficient to vary in numerical solutions

to the dispersion equation [20]. In [50] a new analytical model is

developed which is based on the following assumptions :(a) the

transport is governed by the fluid velocity variations, and the

molecular diffusion is negligible, (b) the microscopic velocity

field is treated as a stationary random process, (c) a slug injec-

tion of tracer is performed at t = 0 at the origin of coordina-

tes. This model indicates that for early times the dispersion ten-

sor should vary in time. This concept is then applied to Eq. 12 or

in the case of a continuous injection to its space convolution

[ 22 , 30]

CCRR ( t) = 2 Co erfc [ - ] (25)

which according to the earlier discussion physically describes

the behaviour of solute in an infinite medium with the initial

distribution of co from x = 0 to -o . By putting into Eq.12 ,

or Eq. 23 , D(t) instead of a constant D a better fit to the

experimental data is obtained, which is not surprising because a

constant parameter is replaced by a function. For instance, Eq.23

with D(t) gave a better fit to the experimental data than the fit

obtained in [31 ] with the dead-end pore model applied to labora-

tory cores containing undoubtedly stagnant water pores. However a
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relatively poor fit presented in [1 ] resulted most probably from

an unadequate solution of the cCFR mode applied to the experim-

ental situation of the cCFF mode. As pointed out in [52] for a

laboratory column the solution of the cCFR mode should be trans-

ferred to the c,, solution if tracer concentration is measured in

the effluent. In [3] there is a lot of experimental evidence

showing that the dead-end pore model gives a very good description

of laboratory experiments when a proper solution is applied. It

is also shown there that a unique value of the dispersion coeffi-

cient is obtainable for a given medium regardless of the presence

or absence of the stagnant water. Thus there is no need to apply

the model of variable D [Eq. 23 with D(t)] to the experimental

situations described by the dead-end pore model because the latter

gives a sufficiently good fitting and at the same time a good de-

scription of the physical phenomena involved. However the model of

variable D is an interesting alternative for microlayered media.

It has recently been suggested that if an (n-1)-dimensional

model is calibrated or otherwise employed to describe an n-dimen-

sional system a scalling effect will appear [54]. The authors of [34]
suppose that part of the scaling effects observed in the field

could be explained in that way. However their conclusion may be ques-

tioned because it is based on the calculations of the maximum con-

centrations whereas the relative shape of the tracer, or contaminant

front curve is usually used to calibrate the model, i.e. to find the

dispersivity. In such a case the use of a model with unproperly cho-

sen dimensions does not yield serious errors though it should not

be recommended. In general, the work [34] may be used as one more

argument that an effort should always be made to use an adequate model.

2.2. Porous media with stagnant water pores.

As mentioned in the preceding section the improved dead-end

pore model adequately describes the movement of solutes in porous

media with stagnant water present in some pores [32, 33] . Such

stagnant water pores exist in consolidated media and in unsaturat-

ed porous media. The model is based on the dispersion equation

with an additional term for the solute concentration in the stag-

nant water and an additional equation describing the mass transfer

between both phases . The theoretical and experimental study pre-
sented in [3] is so thorough and well documented that it is diffi-
cult to add anything. Here some practical aspects will be stressed.
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Close to injection point and for short transit times the tracer
curves are strongly asymmetrical. Four parameters describe the
tracer curve : v , D , the transfer constant , and the ratio of
immobile to mobile porosity. For large distances and long exper-
iments (these conditions are not very strong because the immobile
porosity is usually a small fraction of mobile one) the tracer
curve may be described by an ordinary dispersion equation with two
parameters, i.e. with an apparent water velocity (equal to the
velocity of tracer) and an apparent dispersion coefficient . The
apparent dispersion coefficient is much higher than the true one

[33 ] This means that in a tracer experiment aimed at solving the
inverse problem the interplay of parameters usually occurs and the
interpretation must be limited to the application of the ordinary

dispersion modelO If the flux of water through the system is the

parameter sought, there is no difficulty because the Darcy veloc-

ity (vf) is given as

vf = vnm= vt(nm+ nim) (24)

where nm is the mobile water porosity , nim is the immobile

water porosity, and vt is the mean tracer velocity which is lower

than the intersticial velocity of water. In other words, the trac-

er moves as if the movement of water were taking place in the

whole water volume. As the total porosity (no+ nim) is easily meas-

urable on core samples or by the neutron method, a tracer exper-

iment yields vf, though the tracer velocity differs from the real

velocity of water. All this means that under field conditions the

experimenter usually does not know if the stagnant water pores

exist or not and the experiments are interpretable by the ordinary

dispersion model.

2.5. Double porosity media.

The complexity of transport solute in double porosity media

has been known for a long time to soil physicists who experimen-

tally investigated the transport through columns filled with soil

aggregates. In recent years a considerable progress has been

achieved, due to theoretical and some experimental works on the

movement of pollutants in fissured rocks with a porous matrix. If

the flow in the matrix is negligible, the basic model is the dis-

persion equation coupled with an equation describing the diffu-

sion from the fissure into the matrix micropores. It is now gener-
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ally recognized that the existence of microporosity in fissured

rocks is a rule rather than an exception [35]. For instance, a

large number of core samples taken from different formations in
Poland yielded the mean microporosities from about 2% to about 40%
(the latter value observed for chalks and marls) [36]. Thus, the
double porosity model seems to be unavoidable for fissured rocks.

Problems related to tracer data in fissured rocks are treated
in another paper presented at this meeting [7], thus the discus-
sion here is limited to brief remarks. The analytical solutions

to the transport equation coupled with the diffusion equation

exist only for a simple model of the medium consisting of semi-
infinite slabs separated by straight parallel fissures of equal
spacing and apperture [38]. It is self-evident that the modeldoes

not take into account a possible presence of the dead-end fis-
sures. The effect of dead-end fissures undoubtedly exists, though
it is overshadoved by the effects of the diffusion into a porous
matrix. Theoretical curves as well as case studies presented in
[8] show that in small scale experiments with short transit times
of water the tracer curves depend on a number of parameters and

exhibit extremely high asymmetries, in spite of the Fickian model
assumed. The interpretation of short-term tracer experiments may
yield the flow parameters, but because of a large number of param-
eters and their possible interplay the inverse problem is diffi-
cult to solve without an independent determination of some param-
eters. In the case of long-term experiments (a few months atleast)
the tracer response is as if its movement was along the total vol-
ume of water, i.e. both in fissures and in micropores. Thus the
ordinary dispersion model with an apparent dispersivity can be
fitted and the mean transit time of tracer tt is related to the
mean transit time of water, to, by

tt =( 1 + p/nf-np)to=Rpto (1+ nf)to (25)

where nf is the fissure porosity , np is the matrix microporo-
sity , and Rp is the retardation factor caused by the matrix
diffusion (Rp is defined by Eq.25). The mean transit time of water
in accordance with (17) is defined as

to =Vf/Q = nfx/vf = /v , (26)

where Vf is the mobile water content, i.e. water content in fis-
sures. From (25) and (26) one gets
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f = vt( + nf)= t (n + nf) (27)
t

which means that if n is known from core samples and if np>>nf

nf in (27) is negligible and a tracer experiment yields the Darcy

velocity. In other cases a tracer experiment does not directly
yield the flow parameters. Of course, if prediction of a pollutant

movement is sought, then the tracer parameters (tt and apparent

dispersivity) may be directly used providing an adequate tracer
was chosen.

The fit of the ordinary dispersion model to tracer curves

generated in long-term experiments means that the inverse problem

cannot be solved with any exact model because of the interplay of

parameters.

The apparent dispersivity yielded from the ordinary disper-

sion model may be orders of magnitude higher than the true disper-

sivity observed by applying the exact model (the dispersion equa-

tion coupled with the matrix diffusion). This statement may be

illustrated by an experiment performed on fractured glacial till

and reported in detail in [39]. The exact model solved numerical-

ly yielded aL= O.04m, whereas the ordinary dispersion model

fitted to the experimental data yielded an apparent value of the

order of a few metres as shown in Fig.6 [40]. This figure also

illustrates the interplay parameters, which was mentioned earlier

(Sect.2.1). In the case of a high dispersion, a number of curves
may be equally well fitted. This problem was discussed in detail

in [15] and briefly in [1].

It should be noted that Eq. 25 does not depend on such pa-

rameters as fissure aperture or spacing and on the matrix diffu-

sion coefficient. This means that for long-term experiments these

parameters are of no importance. However, in short-term experi-

ments the parameters representing the fissure characteristics

become of importance and thus it is not clear if the approximate

model developed so far is sufficiently exact. Another approxima-

tion lies in considering the flux concentration in fissures where-
as the diffusion into the matrix,, or any other process which is

not of the first order reaction, depends on the CR concentration

in fissures. Thus further theoretical studies on more realistic

models are required. In this respect the approach developed in
[41] and [42] seems to be the most promising one ; the solution is

sought in the Laplace domain and next a numerical inverse trans-
form is applied. Another interesting model applicable for sparsely
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FIG.6. An example of a continuous injection in a fissured rock with

a porous matrix. Experimental data and numerical solution

after [59]. The ordinary dispersion model (1) fi tted for the

tracer velocity transferred according to Eq.25 [40]. Note

that the mean tracer velocity is Rpt 270 times lower thanthe

/

mean water velocity in fissures. The ordinary dispersion mod-

els (1) and (2) demonstrate the interplay of parameters.

fractured media (i.e. for large distances between the fractures)

was developed in [43, 43a]. In that model the flow through each

fracture is treated as a single fracture flow, and the concentra-

tion at the end of the system is the sum of the contributions of

all fractures which may have any assumed fracture aperture distribution. This

model should also be applicable in short term experiments because then the

tracer has no time to diffuse deep enough into the matrix to be influenced by

the presence of adjacent fissures [381. The model, which may be called the

channel flow model, can be coupled with the diffusion equation formulated

separately for each fissure of a given width. In such a case the model will

work up to a distance at which the presence of adjacent fissures influences

the diffusion in the matrix.

Similarly to the granular media, a stochastic model of macroscopic

dispersion in fractured media has been recently developed 144). The authors

of that work come, among others to the following conclusions: "Mass

distributions in the longitudinal and transverse directions are usually
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complex, often multimodal." And further: "The results do show that as a

general rule, classical ideas on the character and rate of mass spreading do

not adequately describe dispersion in fractured media. The Gaussian

distributions of mass predicted by the diffusional model of dispersion are

only observed under a very narrow range of conditions. Mass spreading appears

to be described by a skewed distribution. Also, a single value of

dispersivity or dispersivity function does not appear to characterize

correctly the pattern of mass spreading in fractured system". In such cases,

it would be more appropriate to incorporate the available analytical solutions

yielding skewed distributions and not to use the variance for defining the

dispersivity of the medium. Second, it is true that the observed

distributions are often multimodal, especially in experiments performed on a

small scale. However in general the tracer curves observed in fractured media

are much more regular and less multimodal than those observed in Quaternary

alluvial formations. In [44] the injection is realized by assuming that a

tracer appears at the entrance of one fissure, whereas it may be easily

checked that in experiments interpreted in [38] the number of fissures

available for tracer was between 200 to 2000, thus in practice due to a much

larger number of fissures involved in the real dispersion process, a smooth

distribution may be expected. Further smoothing may result from the matrix

diffusion as discussed earlier.

The models developed so far describe the solute movement in

the saturated zone where the water movement in the matrix is usu-

ally negligible in comparison with the flow in fissures. In the

unsaturated zone the flow in fissures appears only after heavy

rains, thus even a slow movement in the matrix may be dominant.

The English Chalk which was shown to be recharged mainly by the

movement through the matrix may serve as an example [45, 46] .

2.4. Flow line models.

In some cases when the flow field may be well described by

the flow equations, the distributibn of the solute in a given

drainage or withdrawal system is calculated as that resulting

from the transit time spectrum. If necessary, the dispersion is

taken into account by applying the dispersion model to particular

flow lines and by taking the sum of the results obtained for all

flow lines. For instance, such an approach is commonly applied to

the two-well injection-withdrawal method (e.g. see [47]).
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2.5. Comments on the information available from artificial

tracer experiments.

The most common applications of artificial tracer experiments

reported or discussed in the literature are in the following

fields : (a) research, (b) civil engineering (including leakages

through dams), (c) connections and travel times in karstic con-

duits, and (d) determination of parameters for the models predict-

ing pollutant movements. Experiments in category (a) are usually

performed under well controlled conditions with parameters known

from other independent determinations. Experiments in categories

(b) and (c) are usually aimed at determining the mean transit

time and/or other related parameters. Approximate methods of in-

terpretation are usually applied (e.g. time of peak concentration,

or the centre of gravity, i.e. the moments method). The best meth-

od-is the model fitting which includes the determination of the

longitudinal dispersivity in the simplest case. However for these

categories it is of no importance if the dispersivity is constant

or not, or if it is really representative for a given systems

Experiments in category (d) are usually aimed at determining

both the intersticial (transit) velocity and the longitudinal dis-

persivity. Very often the retardation factor related to the dis-

tribution constant is measured. Sometimes the transverse dispersi-
vity is also measured. However in publications on the subject

there are no examples indicating clearly that the tracer methods

are really often used to calibrate the mathematical models devel-

oped for the prediction of pollutant movements. Ten years of the

author's experience in this field is that usually there is no time

for tracer experiments to be performed on a reasonable scale , and

that the dispersivities known from the catalogues of published

data are sufficient for an early prognosis, whereas the calibra-

tion of a model may be performed at an early stage of the pollu-

tant movement. Thus, the further discussion is based on the poten-

tial ability of the tracer methods and on the experience gained

from predicting the pollutant movements rather than on real exam-

ples of the application of tracers.

In the predictive models the dispersion equation is either

coupled with flow equations or based on the hydrodynamic field

known either from direct observations or from models. However,

neither direct conventional methods nor flow models yield the in-

tersticial velocity. In flow models the same head pattern may be

93



obtained for different vertical distributions of hydraulic con-

ductivity [48]. For instance in [4] the flow velocity determined
conventionally differed by a factor of 3 from the flow velocity

observed for a conservative pollutant. Thus tracer experiments

which may yield either the mean transit velocity or the velocities

in particular layers in the case of a layered aquifer seem to be

needed. Of course due to technical and econmical limitations it is not

possible to measure the velocity field in the whole endangered

area downstream of a given pollution source. The pollution sources

are very often extended in space and the pollutant input usually

slowly increases in time. In such cases the flow velocity remains

one of the governing factors, whereas the importance of the dis-

persivity tensor which is related to aL and a T values [e.g.

49]) is negligible. However, if the experimenter considers meas-

uring the dispersivity (aL ) , or dispersivities (OL and aT ) as
necessary, there are several possibilities. The measurement may be
performed under natural flow condition, if an injection well and
several downstream observations wells are installed. The best

example of such measurements of aL and aT are presented in[50],

though in that work the regional flow was artificially produced.
An improved method was proposed in 51 ] but no field examples of

of that method are known.

The most frequently applied methods are two-well pulse meth-

od, and the two-well injection-withdrawal method. The latter meth-

od sometimes fails because in the case of a short distancebetween

the wells in a heterogeneous aquifer the reciroulation of tracer
occurs at early stages of the breakthrough curve [ ].

Searching for more economical methods, especially for deep

aquifers, the single-well injecti.on-withdrawal method has been

developed. In the opinion of the author this method yields too

low dispersivities. For instance,, imagine a layered aquifer with

negligible microdispersion. The only dispersion will be caused by

different hydraulic conductivities of particular layers. During

the injection phase the tracer front will move in particular lay-

ers to distances proportional to the conductivity. However, in

the withdrawal phase it will move also proportionally to the con-

ductivity and thus all the fronts will meet in the well at the

same time. This means that the s:Lngle-well injection-withdrawal

method should be likely to decrease the macrodispersion. To illus-

trate this hypothesis the results obtained in [52] willbe recalled

here. In two tests performed by the single-well method in two sep-
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arate wells the obtained dispersivities were 3 cm and 9 m , for

the average radial front positions at the end of injection phases

at the distances of 3.13m and 4.99m, respectively. The total

mean distances travelled by the tracer were, of course, two times

greater. In Table I a comparison of these two experiments with

other data obtained at the same investigation site is given. From

the measurements Nos 5 to 9 it is clear that the asymptotic dis-

persivity was obtained for the investigated aquifer at a distance
of 3 to 4 meters. The experiments performed by the single-well

injection-withdrawal method Bfos 1 and 2) yielded distinctly lower

dispersivities in spite of being performed at the asymptotic scale.

It is noteworthy that to the best knowledge of the author, this
effect went so far unnoticed.

Table I also shows that even for a relatively homogeneous

aquifer (see Fig.2 in [52]) somewhat different dispersivities are

obtainable depending on the method of measurement and interpreta-

tion. In addition it should be remembered that the disperaivity

includes many other effects unaccounted for in the model. For in-

stance, nonideal instantaneous or point injection will cause a

higher spread of the tracer curve and a higher dispersivity inter-

preted from the solution obtained for an ideal injection. Similar-

ly, small variations in the hydrodynamic field unaccounted for in

Table I. Comparison of "full scale dispersivities" observed in a sandy aquifer.

No. Measuring method Scmle aL [m] Reference

1. Single-well injection- 3.13 0.03 Fig. 9a in [52]

withdrawal (6.26)

2 As above 4.99 0.09 Fig. 9b in [52]
(9.98)

3. Two-well injection- 8.00 0.50 Fig. 14 in [52]
withdrawal

4. Multilevel sampling device.

Synthesized full-aquifer 1.00 0.05 Fig. 3a in [20]

breakthrough curve

5. As above 2.00 0.10 Fig. 3b in [20]

6. As above 3.00 0.15 Fig. 3c in [22]

7. Multilevel sampling device.

aL calculated from theoret-

ical formulae for observed 1.00 0.12 to 0.26 Fig. 8a, 9 column 2 in Table 8 in [52]

velocity distributions

8. As above 4.00 0.16 to 0.38 Fig. 8b, column 3 in Table 8 in [52]

9. As above 7.0 0.17 to 0.37 Fig. 8c, column 4 in Table 8 in [52]
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the model will contribute to a higher dispersivity. Thus it is

rather naive to expect that a given tracer method may yield an

exact value of the longitudinal or transverse dispersivity, be-

cause these physical quantities are approximate in their nature,

due to the approximate character of the mathematical models de-

scribing the solute transport.

It is difficult to say what scale of an experiment is suffi-

cient to obtain the asymptotic dispersivity. It seems that inmost

cases a properly performed and interpreted experiment may yield

the right value of dispersivity, if the scale is not smaller than

about 20 metres.

In some works a slightly different form of Eq. 8 is applied :

div(Dgrad c - vfc) = - (28)

where w is called the kinematic porosity or effective porosity

[21, 22, 30]. Of course, there is no difference between Eqs 8 and

28. However, if one compares D obtained from solutions to these

two forms of the dispersion equation, then it is necessary to re-

member that a factor w is hidden in D found from Eq. 28 * Some

authors also claim that tracer experiments are performed in order

to determine D and W in Eq. 28 or in its solutions. Next these

two parameters are used again in Eq. 28 for predictive purposes.

Such a procedure leads to correct final results. However if vf

is not well known from the conventional data ( which is a common

case) then all the parameters (vp, D, and w) are represented by

apparent values. A comparison of these apparent values with expect-

ed or independently known values may lead to serious confusion.

Mucn more serious errors may be introduced to the predictive model

if the difference between the real vf and that known from the con-

ventional data occur only locally at the site of a tracer experi-

ment and if the D and W parameters found there are applied on
a regional scale .

3. ARTIFICIAL AND ENVIRONMENTAL TRACERS IN THE UNSATURATED ZONE

The discussion included here will be limited to brief remarks

because the subject is covered in another paper presented at this

meeting. Both the environmental and artificial tracers are used

in the unsaturated zone either to measure the infiltration rate
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or to predict the contaminant movements. In the case of artificial

tracers, the tracer is usually injected at several points at a

given depth. Its movement is then observed by taking core samples

or by making measurements of gamma radiation in accession tubes

[55]. The space distributions at given times are then observed.

Theoretically the dead-end pore model should be used in the cIRR
mode. However, usually, the movement is sufficiently slow for the

tracer to be distributed homogeneously in mobile and immobile

phases. Then an ordinary dispersion model or even a simpler multi-

box model 553] is applicable. The latter is more convenient in
calculations but is not recommended because instead of a physical

quantity, i.e. the dispersion coefficient, an artificial param-

eter appears (the number of boxes, or the height of boxes) . The

dispersion is often very low and equal to the coefficient of mo-

lecular diffusion in a porous medium. The macrodispersivity does

not appear usually because the movement is very slow and normal

to layering. In some cases the dispersion is much higher than mo-
lecular diffusion but still much lower than the values observed

in the saturated zone [53a] 

Similar problems appear in the case of environmental tracers

variable in time (tritium). However, in the case of environmental

tritium the situation is more difficult because each sampling dis-

turbs a given sampling site and an individual tritium profile

taken at a given time has to be interpreted. Theoretically the
solution of the CIF R mode should be integrated over time to get

a space distribution at a given time. Again owing.to low dispersi-

vity [and low D/(vx) value, i.e. a high Pe number] a simple dis-

persion model is applicable [55a] .

One should remember that the approximate character of the

models results additionally from the fact of variable velocity

(the movement depends on the intensity of precipitation) and from

variable moisture content. In fissured media where a considerable

part of the movement may take place as a fast and short lasting

flow through fissures the problem becomes extremely difficult and

no satisfactory models are available.

4. ENVIRONMENTAL TRACERS IN THE SATURATED FLOW

4.1. Introductory remarks.

In the interpretation of environmental tracer data n ground-

water systems a number of concepts developed in artificial tracing

are still useful though the problems differ essentially, The time

97



and space scales are usually orders of magnitude greater, whereas

the injection is variant in time and distributed in space. Very

often the recharge area, i.e. the entrance to a system, is not

well known at all. The variety of situations encountered resulted

in a number of approaches. The most common approach so far is the

so-called lumped-parameter approach (or black box) which was de-

veloped earlier in other fields particularly in chemical engineer-

ing. The development of some basic concepts related to the tracer

method may be identified with the development of the lumped-pa-

rameter approach. The reader is referred to the discussion of some

of these concepts in Sect.1 and 2.1. A complete understanding of

the environmental tracer methods is not possible without some

knowledge on the behaviour of tracer in complex systems.

4.2. Lumped-parameter approach.

In lumped-parameter models (black-box models), spatial varia-

tions are ignored and various properties (but not the concentra-

tion of a tracer )and the state of the system can be considered

to be homogeneous throughout the entire system.

The variable input concentration, cin(t), is related to the

output concentration, c(t), by the well-known convolution inte-

gral which for a constant flow reads :

o

c(t)= cn (t -') g (-c' ) exp(-Al') dt' , (29)

where t is here the calendar time, T' is the transit time, X is

the radioactive decay constant and g(T') is the weighting func-

tion defined in Sect. 2.1 (q.21) . By putting t- r'= r another

form of (29) is obtained :

t
c(t) = cin( ) g(t - ) exp [-A(t - T)] dr , (0

-00

where again the calendar time may serve as a time scale, and the

physical meaning of t is the time of leaving, T is now the time

time of entry, and t-T is the transit time. Eq. 30 is a more con-

venient form for numerical calculations and for considerations of

variable flow (Sect. 4.6) . In the case of Eq. 30 the weighting

function is :

-c

g(t- T) = cI(t- T)/ c-(t -T)dt (31)
T
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In the case of a natural system, the tracer usually enters

the system with inflowing water, and is measured in outflowing

water, e.g. in a spring or in drainage system. Thus, the weighting

of the concentration over the flow rates is performed by nature

itself, and cI (t) in Eqs 29 to 31 represents the cIFF(t) mode,

and, consequently, has to be expressed by adequate solutions.

Sometimes the samples are taken along the well axis as the drill-

ing operations progress. Then, the weighting is over the cross-

section (in the vertical direction only) and consequently the

CIFR (t) type of solution should be used. These remarks are relat-

ed to the models which are represented by solutions to the disper-

sion equation. Other models show no such flexibility and they are

just of the cIFF(t) mode .

The models developed so far will not be discussed here in de-

tail because they have recently been thoroughly reviewed elsewhere

[2,54] . Undoubtedly the most commonly applied models are the ex-
ponential model (mathematically equivalent to the model of good

mixing) , in which exponential distribution of transit times is

assumed, and the binomial model which represents a simplifiedform

of the dispersion model. Examples of applications of these models

can be found in proceedings of the IAEA symposia and in Vodnye

Resursy( a journal in Russian). The "exact" dispersion model was

applied in a few cases [55,56,57] , though its applicability was

also shown for some other known case studies [54] . Similarly,

another two-parameter model, i.e. the combined exponential-piston

flow model, was tested [54] and shown to be better than a binomial

model.

Some comments on the dispersion model are needed here. As al-

ready mentioned above the natural injection as well as a chosen

detection mode require that either Eq. 14 or Eq. 15 is applied.

Theoretically Eq. 12 is not applicable because it is not adequate

to the experimental situation and because it does not yield proper

results when convoluted in time as shown in [5]. As discussed ear-

lier the applicability of the dispersion models is not theoreti-

cally justified and it can be accepted only by "their success in

representing the real processes" [58]. However, the situation in

hydrology is much more doubtful than in chemical engineering, be-

cause the solutions derived for an instantaneous injection in uni-

dimensional flow are used for systems where the injection takes

place over an extended area. Thus the dispersivity observed in the

lumped-parameter approach applied to environmental tracers is an
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apparent one and has nothing to do with the real dispersion proc-

esses [2, 54]. Here,there is some similarity to the problems dis-

cussed in Sect. 2.4 where it was mentioned that the dispersivity

may result from non-ideal injection and from variations of the

hydrodynamic field. In other words, the dispersion model becomes

very flexible when different effects are taken into account by

matching the dispersivity.

The lumped-parameter approach is particularly useful in in-

terpreting tracer data variable in time, e.g. tritium in springs

or small retention basins. However, a study performed on two dif-

ferent systems characterized by three different types of the trac-

er curves showed that whenever the number of fitting parameters is

larger than 2, the number of models can be equally well fitted,

which means that the solution to the inverse problem is ambiguous

[5] .
When applied to tracers with a constant input concentration,

the lumped-parameter approach does not give unequivocal answer, un-

less some physical knowledge of the system is available [2, 54] .

For instance the determination of the 14C age with the aid of the

piston flow model leads to the following known equation

c(ta) = Co exp [- ta] (32)

where ta is the radiocarbon age of water, defined by Eq. 32, and

c is the so-called initial concentration. The radiocarbon age in

(32) may be related to the age of water (transit time) only for

confined aquifers, far from recharge area (then the piston flow

approximation is applicable) . In other cases the obtained age

cannot be interpreted in terms of the transit time [54] . Similar-

ly, if mixing of different waters takes place, Eq. 32 gives wrong

ages [54, 59].

The main parameter to be obtained in the lumped-parameter ap-

proach is the mean transit time of tracer, which is equal to the

mean transit time of water (turnover time) only in porous media

and if the turnover time is defined as the ratio of the total water

volume to the volumetric flow rate (see Sect. 2.2). In the case of

fissured rocks with a porous matrix the mean transit time of trac-

er may differ considerably from the mean transit time of water as
discussed in Sect. 2.3. Without an independent determination of

the ratio of porosities (cf. Eqs 25 to 27) the interpretation of

the mean transit time of water is not possible. In the case of

C in carbonate rocks the microporous matrix acts as a strong
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sink and the radiocarbon interpretation may yield groundwater ages

much greater than the real ages and consequently groundwater ve-

locities which are much lover than the real values (see Sect. P.6)

4.3. Multi-box models ( discrete-state compartment models).

When a number of good mixing cells having the same volume are

taken in a series, their response to a pulse tracer input is re-

presented by the Poisson distribution and may be used as the g(t)
function. However it is more convenient to apply an array of in-

terconnected boxes (cells) of different volumes through which

the transport of water and solute is represented by a sequence of

finite states. The transformation from one state to the next is

governed by a set of recursive equations. The detailed description

of the method can be found in [60]. As indicated there the design

of a given cell network is determined by "a priori" knowledge of

the flow system, or by calibration procedures, or by both. If the

arrangement of cells is chosen on a prior knowledge of the system,

the model may be classified as a distributed parameter model with

lumping. However if the multi-box approach is applied to interpret

the input-output time relationship of a given system, and if the

prior knowledge is limited or lacking, the approach turns in fact
into the lumped-parameter model with an arbitrary number of fit-
ting parameters, as pointed out in [54]. In other words, the cal-

ibration procedure (fitting) is not sufficient to solve the in-

verse problem unambiguously. In such a case a good fitting (cal-
ibration) is easily obtained but the physical meaning of the ob-

tained parameters is doubtful as it was discussed in Sect. 4.2.
In terms of the system analysis it means that the model is cali-

brated but not validated.

In [61] the multi-box approach was used to model the trans-

port of tritium in a large, shallow aquifer. The first box was

recharged by a large groundwater inflow, practically tritium free
because of a distant recharge area, and all the boxes were re-

charged by a relatively low infiltration rate. The number of boxes

was increased in calculations till no further changes were observ-

ed in the tritium concentration. This means that the multi-box

approach was used to model conveniently the piston flow. The model
was calibrated by making use of tritium data from a number of

wells at different distances from the edge of the aquifer. In
other words, the space distribution was available instead of the
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time distribution which is usually interpretable by the lumped-

parameter approach. This model gave the same recharge rate as a

much more refined model discussed in the next section. Thus it

may be concluded that the multi-box model can yield the same re-

sults as more refined models, at least for aquifers similar to

the one under considerations.

In [62] a similar approach was used to model a large, and
deep granular aquifer. On the basis of prior physical knowledge
and 13 14C determinations in samples taken from different sites

and depths, a three-dimensional network of 26 cells was arranged

(Fig. 7). The calibration yielded the flow through boundaries,

the flows between the cells, the longterm mean annual recharge,

and the mean transit times (residence times) to cells. The mean

1Lower layer of cells

Upper layer of cells
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FIG. 7. Arrangement of cells for the model of the Tucson Basin aqui-

fer [62].
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transit times differ, of course, from the radiocarbon ages. The

differences observed in the investigated aquifer are up to about

5000 years or 50 %. In the use of C-14 data for such systems dealing

with mixing of component flows, the problem of Total Dissolved Carbon

(TDC) needs special attention since it is well known that when two, or

more, flows mix the resulting 14C concentration is given as

C ( C) = i Qi (TDC)i . c. ( C) / [Q . (TDC)] , (33)
m 1 1 1 m

where subscript i relates to the i-th water component and subscript m

relates to the mixed water. Furthermore, the number of observations as

related to the number of fitting parameters used should be given careful

consideration for the calibration and validation of multi-box models.

In [62a] a multi-cell model was used to represent the vertical

profile of the Madrid basin. Radiocarbon determinations from eight

locations gave ages in an approximate agreement with ages from the flow

net model. The multi-cell model was modified by introduction of "dead

cells" which took into account a possible effect of diffusion into zones
14

with no net flow. The C ages obtained from the model were within the

range of 0 to 100 000 years. The model was operated under an assumption

of a steady state in the period of half million years, which is

questionable, as pointed out by the authors, because it includes the last

glacial periods.

A very interesting work is presented in [62b] where the time records

of tritium data from seven localities were used to calibrate a model of

34 cells. The model represents an important groundwater reservoir, the

Edwards aquifer of south-central Texas. The aquifer consists of

fractured formations thus the porosity obtained from the calibration (for

the known volume of the formations) is most probably equal to the total

porosity as discussed earlier and as suggested in the original paper.

According to the authors of 162b] the model was validated by yielding the

recharge rates in agreement with independent estimates. Some of the

shortcomings of the model are discussed in the original paper.

As postulated in the preceding section, a corrective term

should be introduced to transit time through each cell to account

for a possible delay of tracer when the multi-cell approach is

used to a system of fissured rocks with a porous matrix. Thus
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correction can be accomplished by the "dead cells" for flow [60],

or by the introduction of the retardation factor as discussed in

Sect. 2.3. If a nonadsorbable tracer is used, and if no correction

is introduced, the results obtained are related to the total water

volume in the system and may differ from flow data obtained from

conventional methods.

In general, it seems that the multi-box models are gaining a

wide acceptance, due to their easy use. However,when they are used

in the lumped-parameter approach care is needed because the number

of fitting parameters increases arbitrarily. When they are used to

interpret tracer data distributed in space, their use is undoubt-

edly more justified, though the assumption of good mixing in cells

is still questionable. On the other hand, the possibility of as-

suming any degree of mixing in the cells [60] again introduces an

arbitrary number of parameters, which in turn may lead to ambig-

uous results.

4.4. Continuous flow models.

The term continuous flow models is chosen here for the models

which are based on either following the tracer concentration along

flow lines or the solution of flow equations coupled with the trac-

er balance equation.

In [63] an unconfined aquifer is considered. From the Darcy

law and the relation between the flow rate and the recharge rate

the following simple formula is obtained :

t/2 = 0.69 nh/R , (34)

where t1/2 is the age of water transit time at the half depth

of aquifer, n is the porosity, h is the aquifer thickness, and

R is the recharge rate expressed as height of water per time unit.
14

For a constant input concentration (e.g. C in pre-bomb era) the

age calculated from Eq. 32 can be identified with that of Eq. 34,

if the lateral dispersion is negligible. Thus by measuring the
14

depth profile of the 1C concentration it should be possible to

determine the recharge rate.

A similar approach was developed in [64] for an unconfined

aquifer with permeability and porosity decreasing exponentially.
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In [65] a-confined homogeneous aquifer is considered. A similar

model was also developed in [66] for variable input concentration

(i.e. for tritium) into an unconfined aquifer. To the best know-

ledge of the author none of these models were utilized by other

authors. Most probably, the condition of homogeneity required by

those models is difficult to satisfy real aquifers.

A much more refined approach has been recently proposed in

[67]. The following departure equations are used :

d q a h
+ R = n -- (5)

ax at

ah
q = -kh , (36)

ax

a(q c) a(ch)
+ coR - cnhA = n - (37)

Ox at

where q is the total water flow across unit width, R is the re-

charge rate in m/yr , n is the porosity, h is the aquifer thick-

ness, k is the hydraulic conductivity, c is the tritium concentra-

tion in the aquifer averaged over depth [c0c,t)] , and c is the

tritium concentration of recharge water [c (t)] . Eq. 35 expres-

ses the flow conservation principle, whereas Eq. 37 expresses the

conservation of tritium. These equations after some rearrangements

have been solved numerically for a constant depth aquifer. As

shown in the original paper the influence of dispersion for this

model is negligible.

Field measurements of tritium concentration allow one to es-

timate the natural recharge and initial flow (at the boundary) to

the aquifer. However the nh parameter must be determined independ-
ently. The model permits taking into account the pumping from the

aquifer and the effects caused by irrigation. Then, however, some

estimates of the pumped water lost by evaporation and of the additional

rain water which reaches the aquifer (this water, contained in the

unsaturated zone would evaporate under normal conditions, however, when

irrigation is applied the water is pushed down to the water table by the

irrigation water) are needed.

This model was used to an aquifer in South Australia, the same as the

one described in [611 and mentined in the preceeding section. For the

same departure data both models yielded practically the same recharge
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rates and probably the same inflow of groundwater at the boundary. The

following remarks can be made for the treatment of the tritium transport

through the unsaturated zone in both models. The obtained recharge rates

(about 0.03 m/yr) suggest that the transport through the unsaturated zone

(2-4 m) should take several tens of years. In both works it was assumed

that tritium in infiltrating water reaches the water table immediately.

This assumption is unacceptable and most probably it results in a too low

recharge rate. An assumption of a delay of tritium in the unsaturated

zone would result in a larger recharge rate. Observation of tritium

profiles performed for similar material in an area close to that under

discussion yielded recharge rtes of 0.04 - 0.14 m/yr [68]. In this work

three models of infiltratin mechanism were considered and all of them

were based on the piston flow model of tritium transport. On the other

hand, in earlier works (69, 701 it was suggested that the transport

through the unsaturated zone may be as if a well-mixed reservoir existed

(this may result from short cuts caused by roots and animal burrows).

Whichever model of tritium transport through the unsaturated zone is

accepted, a delay of tritium must occur, and the assumption of immediate

recharge accepted in [61] and [67] may be considered to be difficult to

justify. Thus, the model of [61] shown in Fig. 8, should have contained

an additional row of boxes for the unsaturated zone. It isdifficult to

say how the model developed in [671 could have been improved in this

respect. Maybe a modification of the tritium input function would be

sufficient.

CONTINUOUS FLOW M. for 1972
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I . .
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Distance from Range

Infiltration

fram
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FIG. 8. Experimental tritium data and theoretical distributions for a

multi-box model [61] and a continuous flow line model 167] in

the case of a large unconfined aquifer in South Australia.

The conceptual arrangement of the multi-box model is also showI.
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4.5. Linear programming for determining the minimum possible

mean transit time.

An interesting approach has recently been proposed [71] for

interpretation of tritium data when a single tritium measurement

exists, or when a short record of tritium data does not allow us

to make any reasonable estimation with the aid of parametricmodels

discussed in the previous sections. The approach is based on the

linear programming methods for finding the mean minimum transit

time for any constrained g(t) function. It seems that the method

should be recommended as a very useful tool when a proper time re-

cord of tritium data is unavailable. Of course, like in the other

methods discussed, this method does not yield the mean transit

time of water but the mean transit time of tracer.

4.6. More about the piston flow model.

The piston flow modelwhichis auseful approximation for con-

fined aquifers with a constant tracer input may also serve for in-

vestigating some complex cases. For instance, in [72] it was shown

on the basis of the piston flow model that the diffusion of 14C

into a porous matrix influences the 14C age. In [38] this approach

was followed and it was shown that in the case of fissured carbon-

ate rocks the exchange of 1C in the total dissolved carbon

with the carbon in the solid material yields quite wrong radiocar-
bon age estimates (up to 30 times) because the microporous matrix

is a strong sink for the radiocarbon due to a large surface avail-

able for exchange. in [73] the aquitard diffusion is shown to in-
14fluence the 4C ages in thin confined aquifers. In both cases the

dispersion model may also be applied but the conclusions do not

differ significantly from those obtained with a much simpler pis-

ton flow model.

In [74] the piston flow model is coupled with the equation

describing the diffusion from an unconfined upper aquifer through
a microporous confining material. Seepage effects through that ma-

terial caused by a possible higher hydrostatic pressure in the up-

per aquifer are also shown to influence the 14C ages in large

aquifers. It remains a question when these effects take place, and

to what extend. however, the model developed in [74] shows that in

some cases they undoubtedly influence the 14C ages and their pos-
sible occurence should be taken into account in the interpretation

of 1C ages in large confined aquifers.
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In [75] the piston flow approximation is used to evaluate

the uranium ratio method.

4.7. Variable flow.

All the models discussed so far were derived for systems with

a steady flow. It is the interpreter's task to estimate if a giv-

en system can be interpreted with the aid of a given model andhow

this interpretation should be performed. Still, some general di-

rections can be give. If the investigated system is extensively

exploited, one cannot expect that; 1C data would yield actual

flow rates. However, the age of water and the mean long-term re-

charge can be estimated with a reasonable degree of accuracy. Ebr

the systems with 1C ages exceeding 10,000 years any flow estima-

tes will be doubtful, because it is unreasonable to expect that

the conditions of recharge at that time were not considerably dif-

ferent from the present ones.

Systems characterized by short turnover times are usually in-

terpreted with the aid of tritium data. Sometimes the variations

of flow are sufficiently low to consider the mean values to be of

a sufficient accuracy . In investigations of ground-water run-off

from small retention basin it is reasonable to take tritium data

only for periods of base flow. However in this way some informa-

tion has to be lost. Thus it may be interesting to consider the

theoretical basis for the interpretation of systems with variable

flow.

Several attempts were made to solve the problem of tracer ex-

periments in variable flow [76, 77]. In [78] the solution is giv-

en for a system with a constant volume, whereas in [79] a system

of good-mixing sells (multi-box) is considered with a constraint

of a constant turnover time equal to the mean transit time of

tracer. This approach was successfully applied in another work

presented at this meeting. A general solution to the problem is

given in [80]. It is derived from the convolution integral of the

tracer flux (cf. Eq. 30)

t
*(t)= f in(T) g (t,) exp[-X(t-T)] dT , (38)

where the weighting function is given as the normalized flux re-

sulting from an instantaneous injection of tracer at time T 

gF(tT) = i() = i(t ) (t,)C(t) / I ci(tT)Q(t)dt . (39)
'U
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The concentration response to an instantaneous injection, cI(t, )

can be transferred to known regular functions, OI (z), expressing

the normalized tracer concentration in dimensionless time

o (t, ) = CI()v) (40)

where M is the injected mass, or activity, V'(t) is the volume

accessible to tracer, and

z = I -(t) dt' . (41)
V V'(t )

By putting (40) to (59) and (39) to (38) one gets the final formu-

la :
1 t

o(t) = V-t _cin () Qin(( ) Ci((z) exp[-(t-T)] d . (42)

Examples of a few tracer responses for different flow systems

shown in [80] are in agreement with the example given in [79] , if

the same flow parameters are chosen. The approach presented in[80]

and followed here is more general, but has not been applied in prac-

tice so far.

4.8. Some remarks on the validation of tracer models.

One may suspect that it is a common practice to stop the cal-

ibration procedure of a mathematical model at the first good fit-

ting obtained or when the value of obtained parameters are in ac-

cordance with those expected by the investigator . However, to ob-

tain a valid calibration it is necessary, first of all, to apply

a model which is physically justified for a given system. Further,

the calibration procedure should hot be stopped at the first good

fitting, but an effort is needed to check if other sets of parame-

ters give equally good fitting. If other sets of parameters also

yield good fitting the model is ambiguous. Examples of case studies

in which the model was not physically justified or different sets

of parameters yielded equally good fitting were given in earlier

sections. Here some general remarks will be added.

There is no doubt that models usually represent a very sim-

plified description of the real processes in a given system. In

the case of natural systems the assumptions are often based on
some limited knowledge or on intuition. Thus, the results of modl-

ing are seldom unquestionable. Any result obtained should be check-

ed against all available data and a consistent picture of them is
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required to validate our model(a) . If the data do not give a cone

sistent picture new model(s) should be sought, or the least reli-

able data should be questioned. These statements may be supported

by two simple examples :

Case studies are known where the radiocarbon content of the

order of 1 p.m.c. was interpreted in terms of age correspondingto

the period of the last glaciation. However, the stable isotope com-

position of the same water sample taken from a considerable depth

suggested pre-Quaternary infiltration. Thus the 14C content should

have been interpreted as equal to zero within the detection limit,

and the data which served for the age calculation rejected as un-

reliable.

Another example concerns the uranium disequilibrium method

which was attempted for the age determination of some deep waters.

In [80] a sample of brine taken from a Permian formation in the

Delaware Basin, New Mexico, was interpreted to be of the order of

1 million years (Erda 6 borehole sample) , though it was mentioned

that if the brine was connate the age would be over 230 million

years. Later the stable isotope composition of water in this sam-

ple (6180= +10%. , 6 D = 0 %o ) appeared to be typical for connate

waters of Permian salt deposits [81] and therefore the uranium

disequilibrium model which was used for the interpretation of this

sample may require careful assessment. However even without that evi-

dence it would be very difficult to explain how water of the Qua-

ternary origin as interpreted from the uranium method could have

the stable isotope composition equal to that given above. Consider-

ing the stable isotope method to be more reliable than the urani-

um disequilibrium method, one has to reject the later as unvali-

dated in that particular case.

5. CONCLUSIONS

1. The dispersion equation coupled , when necessary,withmass

transfer equations is the best available model for solving practi-

cal problems related to the transport of solutes both in porous

and densely fissured media. The analytical and numerical solu-

tions to the dispersion equation have been successfully applied :

(a) for solving the inverse problems, i.e. for interpretation of

artificial tracer data ; (b) for predictive purposes, i.e. for

predicting the spread and time of travel of pollutants ; and (c)

for a better understanding of the phenomena involved.
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2. The shortcomings and limitations of the dispersion equa-

tion should be recognized particularly while dealing with scale

effects in macrodispersion. For instance, the equation does not

work properly for stratified or heterogeneous media which cannot

be treated as deterministic systems but as stochastic processes

where details of layering and other phenomena are unknown.

3. A better understanding of the mechanism of macrodisper-

sion may be obtained from stochastic models. They offer a power-

ful new tool for prediction purposes, particularly when statisti-

cal distributions of parameters are known rather than the param-

eters themselves. So far stochastic models have not been applied

to interpretation of tracer experiments. Further research is re-

quired in this field.

4. When designing a tracer experiment or interpreting exper-

imental result it is important to remember that a conservative

tracer does not necessarily reflect the bulk movement of water

directly, because an ideal tracer for water molecules does not

mean an ideal tracer for the flow of water (mass transport).

The tracer distribution often depends on the injection-detection

mode and on the presence of stagnant water in the system. For in-

stance, the movement of tracers in fissured rocks is strongly af-

fected by the presence of micropores in the rock matrix. The de-

termination of flow parameters in such media is particularly dif-

ficult both by artificial and environmental tracer methods. Inde-

pendent determinations of some rock parameters are necessary

to interpret tracer data in terms of water flow.

5. The 14C method, as other tracer methods, does not yield

the velocity of water (real age of water) in fissured rocks, due

to tracer diffusion into stagnant water in the micropores of rock

matrix. As the result the 1C ages obtained are too great, partic-

ularly in the case of fissured carbonate rocks, because the micro-

porous matrix is a strong sink for the radiocarbon due to a large

surface available for exchange.

6. A considerable progress has been achieved in the develop-

ment of models for the interpretation of environmental data. The

lumped-parameter approach is particularly useful for the inter-

pretation of time records of tracers with variable input. The mul-

ti-box models (called discrete-state compartment models) and in

some cases the flow line models are convenient for interpreting

tracer data distributed in space.
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7. It has to be remembered that a good fit of a mathematical

model to the experimental data is a necessary but not sufficient

condition, for regarding the model as valid. In terms of the sys-

tem analysis theory it means that calibration does not mean the

validation of a model.

8. The theory of tracer data in variable flow systems seems

to be in initial stages of the development. No experimental

evidence exists on the applicability of approaches developed so

far, with the exception for the multi-box approach which is rela--

tively easy to apply.
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THE ROLE OF TRACER DATA FOR MODELING
SOIL-WATER FLOW IN THE UNSATURATED ZONE

C. SONNTAG
Institut fir Umweltphysik,
Universitat Heidelberg,
Heidelberg, Federal Republic of Germany

Abstract

The paper provides a review of the basic formalisms and concepts involved

in soil moisture flow in the unsaturated zone and discusses the potential

contribution of tracer studies for this purpose.

Introduction

Groundwater modeling needs reasonable numbers for the local

groundwater recharge R and discharge D. These source and sink

terms of the local groundwater flow are related to the ones of

the atmospheric water vapour flow, which are the local evapotrans-

piration E and the precipitation P. This relation is given by the

water balance of the unsaturated zone

dW/dt = P - R - E + D - R (1
s

where R s represents the quantity of non-infiltrating precipitation

water (surface-runoff, interception by the vegetation canopy).

W [in mm or cm waterl denotes the vertically integrated soil

moisture content 0 (z) [percent volume] over the entire unsaturated

zone

W =fo(z)dz (2)

Field water balances [1,2~ are often based on soil moisture obser-

vations in the upper 1 or 2 meters of the unsaturated zone. In

this "root zone" the strongest soil moisture variations occur due

to the alternating play between rainwater infiltration and moisture

extraction by evapotranspiration. These upper soil layers are

easily accessible to commonly used moisture observation techniques:

soil coring for gravimetric moisture determinations, (weighable)

lysimeters and neutron probe investigations in combination with a

y-ray density probe. The water balance of this upper part of the

unsaturated zone reads

droot/dt = - R - E + in - ut (3)
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where the deep infiltration Iout and the water supply Ii to the

"root zone" by an Upward directed moisture flow through is lower

boundary, however, are not necessarily equal to the desired ground-

water recharge R and discharge D.

The precipitation rate P is the only independent variable in the

above soil moisture balance. All other items are related to each

other by the water transmission properties of the unsaturated zone.

This is particular true for the evapotranspiration rate E, which

is controlled on the one hand by hydrometeorological factors, but

on the other hand also on the soil-water in the root zone available

for evaporation. High soil moisture contents there at the beginning

of a long dry weather period allow comparatively high evapotrans-

piration rates as being expected from hydrometeorological data

only. In the course of progressive soil drying, however, the

soil-water flow from below is obviously not high enough to satisfy

the moisture demand of the atmosphere, i.e. this flow becomes

more and more a limiting factor of the actual evapotranspiration

rate. At the end of a sufficiently long dry period the evaporation

rate may be some orders of magnitude smaller than the one at the

beginning.

Theoretical estimates of the soil moisture flow are extremely

difficult (see next section), so that predictions of the time

variation of the actual evapotranspiration rate in the course of

changing weather conditions and of climatic variations are highly

uncertain. For this reason the concept of potential evapotranspi-

ration is still being used in field water balances. This concept

is an attempt to characterize the micrometeorological environment

of a field in terms of an evaporative power or moisture demand

of the atmosphere. Thus the potential evapotranspiration represents

the maximal evaporation rate which the atmosphere is capable of

exacting from a field of given surface properties.

Various empirical formulas [f2 are used, which relate the potential

evapotranspiration to local weather data (air and soil temperature,

relative humidity, wind and insolation) and to the conditions at

the ground surface (surface water, vegetation cover, soil type).

Among these, however, only the Penman formula /3] is physically

based and hence inherently more meaningful. In this relation the

conversion of solar net radiation (at ground surface) into sensible

heat and latent heat (water vapour) is considered as well as the

release of this produced vapour into the atmosphere. It is assumed,
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however, that the upper soil layers contain always enough water

to ensure this moisture transfer to the atmosphere.

Besides this hydrometeorological relation, some empirical hydrolo-

gical formulas are used /4J, which relate the evapotranspiration

rate to the moisture deficit of the lower atmosphere in comparison

to the moisture content of the vapour saturated soil air. The

energy supply as limiting factor for evapotranspiration is con-

tained in an empirical coefficient, which therefore shows consi-

derable seasonal variation with high values in the growing season

(summer),

Elements of Soil Moisture Flow

Water movement occurs in the saturated and unsaturated

zone, where hydraulic potential (hydraulic head) gradients exist.

However, the relation between the potential gradient and the

(filter) flow rateV(water flux per unit cross-section = m/s)

known as Darcy's law is more complicated in unsaturated than in

saturated flow. The reason is, that both, hydraulic conductivity

K and hydraulic potential 0, are highly dependent on the soil

moisture content o or better on the degree of moisture saturation

s = i/e , where' denotes the volumetric soil-water content at
s S

completely water-filled pore space (saturation) 1,2,57.Thus

Darcy's law reads

v = -K(s)-grad 0(s) (4)

The total soil-water potential 0(s) consists of various components,

where only the gravitational potential represented by the elevation

z above a given reference level (groundwater surface for example)

and the"matric-", "suction-" or "capillary-" potential are being

considered here, in order to save simplicity. The matric potential

(s) is caused by the capillary suction of unsaturated soils,

which yields a negative pressure potential (presented in centimeter

water column), whereas the hydraulic pressure potential of ground-

water has always positive sign. Gradients of the matric potential

and thus suction induced moisture flow may occur in either direc-

tion, whereas the gradient of the gravitational potential is

always upward directed and the gravitational flow thus downward.

At sufficiently homogeneous soil sites the moisture flow can be

regarded as to occur in the vertical dimension only, so that eq. 4
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takes the one-dimensional form

v = -K(s) - d ((s) + z) = -K(s) d(s) - K(s) (5)dz (ps+z)=-Ks dz

No flow at all in the unsaturated zone implies that the total

hydraulic potential 0(s,z) is constant over the entire soil profile,

here 0 = 0, i.e. +'(s) = -z. This defines the equilibrium or "static"

soil moisture distribution O (z), which decreases with height z
eq

above groundwater surface due to (s). At given soil type this

equilibrium soil-water content in the upper soil layers should not

be mixed up with the soil's "field capacity". This parameter charac-

terizes the water retention of various soils as being measured in

the laboratory by drainage of originally water saturated soil

columns over a period of about 2 days. The static moisture content

in the root zone of a given soil may differ considerably from its

field capacity depending on the groundwater depth which defines

the static hydraulic potential in this zone. Despite of this prob-

lem the field capacity concept is often applied in field studies,

in order to distinguish between stagnant and moving soil moisture.

Infiltration or evaporation causes a surplus or deficit of moisture

in the upper soil layers in comparison to the equilibrium moisture

distribution. This moisture change induces a higher or lower

hydraulic potential, i.e. hydraulic gradients appear, which drive

the downward distribution of infiltration water or moisture ascent

into the drying soil layers.

In the course of a long dry period the increasing soil-water defi-

cit may arrive at the groundwater surface. Then the evaporation

is controlled by a steady state moisture flow due to capillary

rise of groundwater through the entire unsaturated zone [lfj. The

driving force is the potential drop from 0(z=0) = 0 at the ground-

water surface (per definition) to high negative values in the dry

soil top layers. The matric potential of dry soils may exceed

-106 cm = -104 meters to be compared with the positive gravitatio-

nal potential Z in the order of some meters up to some ten meters

only (Z = groundwater depth). This high suction potential at the

ground surface corresponds to the evaporative power of the atmo-

sphere, which reaches maximal values in arid regions.

The steady state capillary rise of groundwater depends on the

vertical extension of the unsaturated zone or better on the dis-

tance between the groundwater surface and the evaporating front,
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where the liquid moisture flow is converted into an equivalent

water vapour diffusion flux through the uppermost dry soil layers.

Moreover the capillary rise depends on the soil's matric potential

and capillary conductivity, both parameters are decreasing over

orders of magnitude with moisture content as can be seen from the

commonly used approximations [6-8 ]

(s) = -1/m

(6)
K(s) = K(1).-s

where 4(1) denotes the "bubbling pressure potential". The exponents

m ("pore size distribution index") and c depend on the pore space

and thus on the soil texture, but are correlated to each other by

c = (2 + 3 m)/m (7)

Thus steady state capillary rise of groundwater implies high

hydraulic gradients along the upper part of the flow distance

(with evaporating front at the far end), where the capillary con-

ductivity is very low due to low soil moisture contents there,

i.e. a steady state soil moisture profile has developed with'.high

moisture deficits in its upper part in comparison to the static

profile. This deficit decreases with depth until the steady state

profile asymptotically matches the static one (see Fig. 1).

ground scuface

I
Ii dI pIi ·n : ... . .........

a) no oCsHIfue few. > b)_L Lndw. €porn c)irediribuion 
0-0 S/ - S-.- 1

q9rotuw+ter surface

Fiq.l1 Qualitative soil moisture Profiles

a) equilibrium or "static" moisture distribution
due to matric notential Y(O) - l (s) = -z

b) moisture distribution at steady state groundwater evaooration

c) redistributing soil after infiltration at the end of a lonq
dry period with qroundwater evaporation
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When rainstorms interrupt this groundwater evaporation period,

infiltration leads to temporarily high soil moisture contents in

the upper soil layers with a sharp drop to the originally low

moisture content of the layers below. The existence of this"wetting

front" indicates, that the downward distribution of the infiltra-

tion water is rather driven by the high gradient of the matric

potential at this front than by the gradient of the gravitational

potential. Gravitational flow exists behind the wetting front,

where soil moisture is high and matric suction low. While infiltra-

tion and downward distribution of surplus infiltration water

afterwards compensate the moisture deficit in the upper part of

the unsaturated zone, the capillary rise of groundwater is going

on as long as moisture deficit exists in the profile. When the

deficit, however, has disappeared everywhere, further downward

distribution of infiltration water leads to slight moisture surplus

also in the deeper soil layers. Now the unsaturated zone has changed

into the draining phase, i.e. groundwater recharge occurs, mainly

by gravitational flow at relatively high moisture contents over the

entire zone. The soil moisture distribution in this recharge period

may be very close to the static distribution, so that recharge rates

derived from soil moisture observations only are fairly ambiguous.

However., observations of tracer displacement in-the unsaturated

zone offer a good chance to measure this soil water flow directly.

Over the past two decades various tracer methods have been developed

and successfully tested in field studies. Their routine application,

however, is still fairly poor,which is hardly to understand.

The time-scale of moisture redistribution preceeding the draining

phase again depends on the vertical extension of the unsaturated

zone and on the moisture flow- controlling soil parameters mentioned

above. In case of predominantly suction controlled moisture flow

the diffusivity concept yields a reasonable estimate of the redis-

tribution time-scale as to be approximately

Z2
t = Z (8)

D

where D represents a suitably weighted mean of the soil moisture

diffusivity f1J

D(O) = K(O). de (9)
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This composed variable appears, if the suction induced moisture

flow vm is described in terms of the moisture gradient instead of

the matric potential gradient

m = -D(O) (10)

This is a very useful approach, if there is only soil moisture data

available, but no suction data as in many field studies.

The time-variation of the soil moisture distribution o(z,t)

in the course of changing weather conditions or even climatic

changes is controlled by the continuity equation of the soil

moisture flow. This mass balance equation can be written as

30 _ 3 D_0 3K(0)a- = a D(O) - _ aK(O) - S(z,) )t ~z 7z 3z (11)

which is the Richards' equation slightly modified by addition of

the sink term S(Z,0). This sink term accounts for the extraction

of soil-water by the plant roots. This partial differential

equation is highly non-linear, since the coefficients K(0) and

D(E) depend strongly on the dependent variable 0 (z,t). Moreover

both soil parameters are highly sensitive to even slight variations

of the soil texture. Besides eq. 6 various other relations for

K(O) and O(0) were tried, in order to find analytical solutions of

the Richards' equation at given initial and boundary conditions

due to infiltration, redistribution and groundwater evaporation.

In the last three decades very much experimental and theoretical

work has been done, which has considerably improved the physical

understanding of soil moisture flow. Various empirical infiltration

formulas (see textbooks ftJ and P27) have been physically inter-

preted and Philip has presented a new solution of the infiltration

problem. Various numerical integrations of the Richards' equation

have been carried out. Theoretical predictions of the soil moisture.

evolution in field soils suffer, however, on the lack of reliable

numbers for the relevant soil parameters K(s), P(s), porosity n

and tortiosity. Moreover these parameters show strong spatial

variations even at fairly homogeneous soil sites. This becomes

obvious from the statistical treatment of the data from more than

a thousand soils, which have been grouped into eleven soil classes

ranging from coarse sand to clay 7~J. The scatter of the indivi-

dual data around the mean value of a soil class exceeds sometimes
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100 %, which makes extrapolations of locally measured soil water

balances to a representative field water balance to be a very

difficult problem. Recently stochastic approaches are tried to

solve this problem.

It is high time now, that tracer studies on soil moisture movement

become realized in classical soil-water science.

Moisture Movement Measured by Isotope Tagging

Tracer experiments on soil water movement by isotope tagging,

preferably with tritiated water HTO [10,11], of the moisture

in a given horizontal plane showed a piston flow like downward

displacement of the tagged moisture in the course of rainwater

infiltration. In many cases the dispersion of the tracer peak

was not much larger than expected for molecular diffusion only.

The soil is obviously often sufficiently homogeneous and vertical

movement of the soil water is slow enouah to allow very effective

lateral mixing between moving and stationary soil water, and this

counteracts dispersion. This layered soil moisture flow means,

that percolating soil water cannot bypass or shortcut the tagged

moisture in either direction. If so, a balance can be set up for

the soil moisture change above the tagged layer, the precipitation,

and evapotranspiration during the period of observation. Then,

the moisture flux through any plane of reference below the tagged

layer is given by the change of total soil water confined between

the tagged layer and this reference plane.

The molecular exchange between the moving and stationary soil

water affects also the extremely immobile soil moisture, which

is strongly bound at the internal surface of the soil matrix.

This was found by infiltration experiments at an extremely dry

sandy soil site in the Western Desert of Egypt. Though these

experiments were carried out with tritium-free fossil ground-

water, detectable tritium of more than 10 TU was found in the

soil moisture formed, but an the wetting front only, whereas

the soil water above (or behind) this front has remained

tritium-free. The tritium collected at the wetting front

stems obviously from the original, extremely low moisture of

the "dry" soil layers passed by the wetting front. It should be

mentioned here, that tritium in hyperarid desert soils must be

due to continuous molecular exchange between atmospheric water
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vapour and the extremely low moisture in dry soil, since there

hasn't been any rainfall in the passed years.

Molecular diffusion in the liquid phase provides rapid mixing

between moving and stationary soil moisture over short distances

only. With a diffusion coefficient of Dliq 10- cm 2 /s in use

complete mixing occurs over a distance of x =2 Dlid t' 0.4 mm

only within a one minutes time, i.e. this distance is in the

order of the micro-scale non-uniformities to be expected for

ideal homogeneous soils. Different flow velocities of the soil

water over greater lateral distances (centimeters) due to meso-

scale non-uniformities in "homogeneous" field soils may cause

the moving tagged layer of soil water, although still behaving

like an impermeable sheet, to become bent and distorted (stream-

line dispersion, fingering). But, as soon as fingering has produced

lateral gradients of tracer concentration, lateral (transverse)

mixing by molevular diffusion blurs the short distance variations,

while the long ones as such remain [11]. Presumably more essential

than the lateral tracer mixing by molecular diffusion is the fact

that capillary suction transports soil moisture from regions of

higher conductivity (holes or coarse material) to those of low

conductivity (fine grain material) unless the latter regions

are already saturated with water. This redistribution of soil

moisture, mainly along the wetting front, where temporarily

large lateral suction gradients may occur, can be treated with

the same mathematical technique as being used for molecular

diffusion. Here the soil moisture diffusivity D( 0 ) comes

into play (see previous section). This physical soil parameter
-3 2

ranges between 10 3 to 1 cm /s and is thus numerically at least

2 orders of magnitude larger than the molecular diffusion coefficient

of liquid water. The moisture flow by matric suction, however, is

a bulk water flow and thus non-mixing.

As experience has shown, the tracer tagging method should not be

applied to soils of macro-scale non-uniformities, as, for example,

highly permeable gravel or coarse sand with statistically spread

clay lenses of more than 10 cm diameter in between. These soils,

however, may be considered as to be inhomogeneous.

The above pattern of layered soil water flow in the unsaturated

zone corresponds to that of mass flow in any chromatographic process.
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Fig.2: Multibox (HETP) model of soil water movement.

Thus, soil water movement can be simulated by a simple one-dimension-

al, multibox model [11] as used in chromatography. This HETP model

(Height Equivalent Theoretical Plates)describes the unsaturated

zone as a sereis of soil layers with internally well mixed soil

water (boxes or "plates"). The layer thickness or plate height H

controls the longitudinal dispersion in the course of simulated

tracer movement. As illustrated in Fig. 2, model estimates of

tracer displacement and dispersion can be carried out by numerical

calculation (finite time and space steps) which can easily be done

with modern desk computers. First the plate height H has to be

chosen, for example H = 10 cm. With a soil depth assessible to

observation of Zo (about 2 m for usual hand augers) this layer is

assumed to be made up by N = Zo/H well mixed soil layers (N = 20

in our example). With a fixed soil water content Of (= field

capacity F) assumed to be constant during the infiltration process

throughout the entire soil profile (field capacity concept),

the plate height H contains W = 10 * F H (mm) of water. In the

infiltration case a portion of I mm precipitation water per

time step enters the uppermost box, mixes with the stationary

water of tracer content c1 and yields a new tracer concentration:

, I + c 1 W
^-T-Tw-c (13)1 I + W

Then the soil water, carrying c1, enters' the next box, where the

same mixing process is repeated:

, c1 I + c2W

c2 = l . (13a)
L VW

126



and so on until the last box N is reached. This stepwise

downward mixing of infiltrating water with the stationary

pellicular water of the individual soil layers yields the

desired piston-flow like tracer displacement. Flow dispersion

is controlled by H (n = porosity, F = field capacity in vol. %).

The whole mixing loop is repeated for the next infiltration

(time) step, etc. It will be seen below that this simple field

capacity HETP model describes the observed tracer displacement

surprisingly well once F and HI are suitable chosen.

If further meteorological data are available to establish

the daily water balance between observed rainfall and evapotranspi-

ration model predictions of the tracer movement can be obtained

which can then be compared with the field observation. This

combination between hydrometeorological model prediction and

field experiment has recently proved very useful.

OSI0L MOISTURE CONTENT (-b WEIGH1T)O
15 20 15 20 15 20

E-' o- -57 5 ,· *l ·

Hi ® I *100I 

50: .° 
.- j^ 

5 :

0 Iff 0 10
*TRITIUM CONCENTRAT:ON(TU) ·

COMPARISON OF MEASURED SOIL PROFILES(O.o)
AND MODEL ESTIMATE

Fi g.3: Measured tracer ( ) and soil moisture content ( ) profiles

of loamy sand in a field experiment at Bamnental (20km

southeast of Heidelberg, F.R. Germany) and an estimate due

the multibox HETP model (solid lines), as calculated from

daily data of precipitation, air temperature and saturation

deficit in atmospheric moisture.

Fig. 3 shows an example for such a combined study, which is referred

in [11]. Model parameters are the field capacity F, the empirical

coefficient E of the applied evapotranspiration formula and the

in situ density of the dry soil. The actual evapotranspiration

rate is related to the moisture deficit of the atmosphere only

(hydrological formula, see first section). The amount of infiltra-

tion water which pushes the tracer downward, or moisture loss

by evapotranspiration from the uppermost soil layers, has been

determined by daily water balances between precipitation and

estimated evapotranspiration.
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Fig. 4 Trttlum tracers and soil moisture profiles from various
areas of India

Fig. 4 shows some tracer tritium profiles from various soils

of the Indo-Ganges alluvial plains as well as model calcula-

tions of these profiles. These experiments show that layered

moisture movement holds even under the pulse-like rainfall

pattern in this area /13/.

Moisture Movement from Environmental Isotope Data

Lysimeter Studies

In the early 1960s it was suggested that nuclear bomb

tritium should be studied in detail to obtain a better insight

into subsurface water transport on the regional and global scale.

The only work to be done immediately was the initiation of an

extensive sampling campaign at carefully selected locations with

the aim of obtaining complete time series of water samples for

bomb tritium analysis from rainfall, lysimeters, springs, streams

and rivers. Unfortunately, only a limited number of stations

were established.

Figure 5 shows the tritium time variation of lysimeters'

percolate (monthly samples) since 1961 together with the tritium

data of local precipitation [11]. Both lysimeters are grass
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Fiq.5; Bomb tritium response of grass covered lysimeters of

Limburgerhof (Im of sand) near Ludwigshafen and of Sindorf

(lm of loess loam) near Cologne/F.R. Germany (Black

dots = experimental tritium data of monthly percolate

samples, sharp peak histograms = tritium content of local

precipitation, smooth histograms = HETP-model estimate of

lysimeter bomb tritium response based on a mean soil water
content of F - 14 vol. for Limburgerhof and 32 for Sindorf
respectively.

covered and not weighable. In the case of the sand lysimeter at

Limburgerhof the prominent tritium peaks in the rain of 1963-64

can easily be identified in the percolate, showing a delay of

five months behind the bomb tritium in rain, which corresponds

to a moisture displacement velocity of V = 2.4 m per year.

There is no obvious broadening of the input histogram by

dispersion, which means that monthly steps are too coarse to

resolve the pattern caused by dispersion. In the case of the

loam lysimeter Sindorf the peaks of 1963-64 are not resolved;

they form a broad maximum with a delay of about 2.5 a. Some

irregular points in 1963 indicate that a direct rain contribu-

tion of a few percent may be due to the passage of heavy rain-

fall through soil cracks.
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The bomb tritium response of the lysimeters as well as

their percolate rate have been simulated by the simple field

capacity HETP model described in the previous section. The

best model fits to the experimental data are also presented in

Fig. 5. They have been obtained for a field capacity of F = 14%

by volume in the case of the sand lysimeter and F = 32% for the

loam lysimeter, respectively.

Field Studies

In areas of low groundwater recharge, where precipitation

water of high bomb tritium content: (1963-64) is expected to be

still found at moderate depth (less than 20 m) in the unsaturated

zone within reach of common soil sampling techniques, one can

find the mean local groundwater recharge over the period from

1963-64 up to the present time from the amount of soil water

above the position of the bomb tritium peak.

tritium concentration (TU)

0 200 400 600

\0 / ---

J/" -- Berkshire site, Oct 1968
/f --- Dorset site Sep 1970

15 --- .Norfolk site, Apr 1977

20 1i

Fig. 6: Selected tritium profiles for chalk unsaturated zone

Figure 6 shows bomb tritium profiles from the chalk unsaturated

zone in various locations in England [12]. From the position of

the bomb tritium peak an interstitial piston flow rate of 1 m/a

was determined, which corresponds to a relatively low infiltra-

tion rate in comparison to the local precipitation. Therefore,

an additional infiltration mode was concluded to exist. Rapid

bypass flow (20 m/d possible) through macro-fissures of chalk

without noticeable lateral exchange with the interstitial water

(Otherwise high dispersion effects would exist) has been suggest-

ed [12].
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Bomb tritium and moisture profiles in different geological

and pedological environments in some semi-arid regions of India

[16] have shown more rapid, but still layered, water movement

through consolidated sediments or hard rocks.

Figure 7 shows environmental isotope and soil moisture

profiles of the Dahna sand dune (Saudi Arabia) of 1972 [15]

and [16].
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Fiq.7: Profiles of moisture, tritium. deuterium and oxygen-l8 In
the Dahna sand dune (Saudi Arabia), 1972 and 1978 samples

From the position of the tritium peak in the profile of

1972 a mean groundwater recharge of 23 mm/a has been deduced,

to be compared with 60- to 70-mm annual rainfall at Riyadh.

A simple infiltration/evaporation model estimate based on the

rainfall data of Riyadh and bomb tritium concentration in

precipitation of Bahrain leads to tritium profiles and recharge

data which are in fairly good agreement with observation. In

this model the drying of the sand and thus the evaporation loss

is controlled by water vapour diffusion through the dry sand

layer above the dry/moist sand interface ("evaporating front"),

the depth z0 of which increases with the square root of time

after the end of the rainy season, whereas the evaporation rate

decreases with 1/ Y".

The Dahna sand dune data of Fig. 7 show a top layer of

about half a meter of rather dry sand, which is followed by

a layer of about 1-m thickness, where the sand moisture

continuously increases from a fairly low content at the-
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evaporating front, which forms the upper boundary of this

transition zone, towards the mean moisture content of the

layers below.

The vertical variation of the heavy stable isotopes in the

moisture of this transition zone is opposite: At the wetting
18

front the sand moisture is highly enriched in D and 0 due to

isotope fractionation caused by the transfer of liquid soil

water into water vapour there. In the layers belowrthe D- and

18 0-content decreases towads the original values of local in-

filtration water. As can be seen from the 6D versus 180 presenta-

tion in Fig. 8, the data points of the Dahna sand moisture fall

on an evaporation line of very low slope cutting the meteoric

water line at the position of mean local precipitation (ground-

water).

AD -A-3

60 / [ BAHRAIN
,RAIN

20 ' 2 6-oD.680.^A
GOUNDOWATER

DAHNA 

-10 -5 5 '0 15 6180 K

-20 / 60 . 2.8 6 '" . 1

- ----- DAHNA SAND DUNE 1972

f^ -60 -*--*- - -DAC- HNA SAND DUNE 1978

GROUNDWATER -*----- LABORATORY EXPERIIMNT
HEIDELBERG

Fig. A: 60 vs. 680 diagram of the same data as in Fig.
Data from a laboratory sand column experiment are presented
in the lower part of the figure

In the last years a lot of experimental and theoretical work has

been done with respect to the problem, to which extent information

on the local soil water balance can be gained from D- and 180-

profiles of soil moisture. The main interest was directed to

the question, which use could be made from the isotopic

enrichment in evaporating soils. Isotope investigations of

moist soil columns, which were previously subjected to

controlled evaporation and infiltration, and also field

soil studies, mainly in Australia[17,18 have shown, that D and

0 in soil moisture may yield reasonable estimates of

132



groundwater recharge only in semi-arid regions. Very low

recharge rates there in comparison to the annual precipi-

tation are reflected by slightly enriched soil moisture over

the entire unsaturated zone. Enrichment peaks originally exist-

ing at the evaporating front of previous evaporation periods

have obviously disappeared by mixing with non-enriched infiltra-

tion water. Previously we have believed, that these peaks are

maintained and can thus be considered as to behave like tracer

tagged soil moisture in the course of soil-water movement.
18However,D and 180 in soil moisture have become a powerful tool

for measuring groundwater evaporation from the depression

areas of (hyper-) arid regions, where annual rainfall is neg-

ligibly small. Since about three years this method is success-

fully applied to determine the natural groundwater discharge

from East-Saharian depressions,where the groundwater surface

is only less than 10 meters below ground surface, at some

locations even less than 3 meters. Though local evaporation

rates in the order of some millimeters up to some ten milli-

meters per year seems to be negligibly small, multiplication

of these low rates with the fairly large depression areas

yields surprizingly high groundwater discharge rates, which

seem to be compensated by radial subsurface inflow from the

higher elevation desert area.

In this (quasi-) steady state situation we should expect a

well developped heavy isotope excess profile in the soil

moisture with the maximum at the evaporating front and an

exponential decrease underneath. Such exponential profiles

are typical for steady state diffusion/advection problems.

Here the downward diffusion of excess isotope content is

counteracted by the capillary rise of non-enriched ground-

water. Then the "penetration depth" z derived from the expo-

nential profile measured (exp(z/z) corresponds to the quotient

z = D/w of the diffusion coefficient assumed as known and

the desired capillary flow rate w, which equals the actual

groundwater evaporation rate.

During two field campaigns. (November/December 1983 and

February/March 1984) 14 soil cores have been collected from

various locations around Bir Tarfawi in SW Egypt close to

the Sudanese border.
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Soil moisture and stable isotope profiles in sand cores from the Bir
Tarfaui area, SW Egypt. The AD and BQ0 scales have been adjusted to each
other in such a way that, theoretically, they are predicted to coincide
(see text).
The Bir Tarfawi I to 3 samples have been taken with a sand auger spe-

1 8

Figure 9 shows the D and 0 profiles from the first expedition

together with the gravimetric soil moisture profiles. Since

factor. This makes the depth profiles of the two isotopes

practically coincident if the isotope scales are shifted in

such a way that the data points for the supply water fall upon

each other. This procedure in fact makes the profiles coincide

in the figures shown. The enrichment peaks define the position

of the evaporating front, and we know therefore the thickness z

of the water vapour diffusion diaphragm. With local temperature
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Profiles as in fig. 7a, but from Nakhlei, Kisheba, and Hussein, small
depression areas with high grounduater level, located 100 km east of
Bir Tarfawi, and also from Wadi Hennes, south of Bahariya.

and soil porosity data we have estimated the irean annual vapour

flow rates E .zo They are presented in table 1 (converted to

evaporation in millimeters per year) together with numbers for

the annual soil water supply from below E z having been obtainedz'i
independently from the observed heavy isotope excess penetration

depth Z1 with help of the effective moisture diffusion constant

(see section 3.), The latter depends on the liquid moisture

content and therefore varies with depth. The two independent

estimates of the groundwater evaporation are in fairly good

agreement. They are for some cases, however, in considerable

disagreement with the solely theoretical prediction based on steady

state capillary rise of groundwater and subsequent vapour

diffusion. Theoretical evaporation data of this kind appear

to be much higher than the experimental ones in many cases.
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This may be due to soil moisture permeability data selected

wrongly. In addition, high salt content in these desert soils

(in some horizons even salt crusts have been observed) may have

partly blocked the bottlenecks in the pore space.
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SOLUTE TRANSPORT IN FRACTURED ROCKS

I. NERETNIEKS
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Royal Institute of Technology,
Stockholm, Sweden

Abstract

The paper describes the basic physical processes involved in solute

transport in fractured rocks. Mathematical formulations available for this

purpose and the methodologies used in evaluating the tracer experiments in

factured aquifer systems are reviewed.

1 BACKGROUND AND INTRODUCTION

In recent years interest has increased considerably in the area of

flow and transport in low permeability fractured rock. The reason

for this is that many countries are seriously considering to site

final repositories for nuclear waste in such environments, at depths

ranging from a few tens of meters for low and intermediate level

waste and 500 m to more than a km for high level waste.

There is considerably less information and experience on depths below

a few hundred meters than at shallower depths. To assess if a repo-

sitory is sufficiently isolated, information in several areas is

needed. The flow rate and flow distribution at repository depth will

strongly influence the rate of dissolution of many radionuclides.

The flow paths and velocities will influence their travel time. This

will in turn determine the decay of the radionuclides. Axial dis-

persion will dilute the species in time but also allow a fraction

of the nuclides to travel faster. Channeling has the same effect.

Transverse dispersion will cause dilution but also exchange species

between fast and slow flowpaths.

For those nuclides which sorb on fissure surfaces and or diffuse

into the rock matrix, the frequency of water conducting channels

and their exposed area directly influence the contact area between

flowing water and rock.
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In addition to the above mentioned areas there are several more e.g.

chemistry of surfaces and water but this paper will be limited to

the transport of nonreacting species.

2 SOME OF THE IMPORTANT PHYSICAL PROCESSES TO BE DESCRIBED

Solutes which are dissolved in water will be carried by the moving

water but will also move independantly by various mechanisms.

The small molecules or ions diffuse in a concentration gradient and

can move from one "stream tube" to another. Different water volumes

move with different velocities and may mix at more or less regular

intervals. A regular type of mixing may be described as a random

process of the same type as molecular diffusion and is often described

as such by the so called Fickian dispersion.

With only advection and dispersion active, the classical advection-

dispersion equation results. It has been used extensively to describe

tracer movement in porous media. It is easily modified to account

for instantaneous chemical reaction with linear or nonlinear equi-

libria and can also easily accomodate reaction rates if the reactions

cannot be approximated as instantaneous.

Ideally, hydrologic tracers are not supposed to react chemically with

the solid material, but some naturally occurring tracers, e.g. C-14

do, and the problem cannot be neglected. Also in cases where it is

of interest to describe the movement (and retardation) of reactive

species e.g. chemical waste and many radionuclides, the chemical

reactions are an integral part of the problem. In many instances in

laboratory experiments kinetic effects can be designed out of the

experiment. In the field cases they often cannot.

The dissolved species may also experience kinetic effects due to

physical processes. One such process which has a very large impact

for flow in fractured rock is the diffusion in and out of zones

with so slowly moving water that it can for practical purposes be

assumed to be stagnant. Such stagnant zones can be expected in

fractures with uneven surfaces and with fracture filling materials

in zones in the fractures between zones with channels with flow.
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In rocks with a connected matrix porosity the accessible pore volume

of the matrix can be very much larger than the mobile water volume

in the fracture. The species which has access to the pore water will

then have a residence volume and residence time determined by the

sum of the water volume in fractures with flow and the water volume

accessed in stagnant areas. As the stagnant zones are reached by

diffusion the volume of stagnant water accessed is dependent on the

residence time of the flowing water.

Rock fractures often have preferential channels where the water flows.

Channels in the same fracture may not meet and mix their water over

considerable distances. The mixing required for the process to become

one of hydrodynamic dispersion in the sense that it may be modelled

as a Fickian process, may not be sufficient over the distances of

interest. The situation may then be better described as stratified

flow or channeling. Radioactive tracers decay and this must be

accounted for in the modelling.

The properties of the medium can vary considerably in crystalline

fractured rock. Fracture openings and thus the transport capacity of

the individual fractures are known to span several orders of magnitude.

The porosity of and diffusivity in the rock matrix has similar varia-

bility. Fracture coating and filling materials also may vary consider-

ably as to type and amount. In fracture zones the block sizes vary

from very small particles up to blocks of considerable size. The size

of the blocks will strongly influence the amount of stagnant volume

accessibly at a given contact time.

The above mentioned mechanisms and phenomena are described in mathe-

matical forms below and some experiments and observations where they

have been noted are also described.

3 MATHEMATICAL MODELS

In the following the description will in general be in one dimension

except where specifically transport in more dimensions is discussed.
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3.1 Advection - dispersion description

The advection-dispersion equation for a nonreactive tracer for linear

flow can be written

+ a = D 2
at + z L 3z2 (1)

A very common set of initial and boundary conditions is:

IC

BC1

BC2

C=OC = 0

C =C
0

C=o

z > 0z>O

z=0

2 -+ oo

t=O

t O

t> O

(2a-c)

The classical solution to this is given

(1952). It is written for short as:

in Lapidus and Amundsen

C/C o = f(t, {tw, Pec} ) (3)

indicating that it is a function of t and that two parameters t

and Pec suffice to fully define the solution. The parameters include

velocity,distance, and dispersion coefficient and could have been

combined in other ways. However, two such groups suffice to define

the solution.

Equation (1) is directly extended to apply to a decaying species by

adding a decay term -CAon the right hand side. If the boundary con-
-At

dition (2b) also is C = C e , then the solution (3) can be used

if it is multiplied by e Extension to the case where instantaneous

equilibration of the tracer with the solid material takes place and

where the equilibrium is linear is also straight forward. With

1 -Ef
Rd = 1 + K p Ef-d d p ef

(4a)
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for instantaneous volume reaction and

R = 1 + K a
a a

(4b)

for instantaneous surface

by exchanging tw for to =

solution can be written:

C 1

C *e -At ~ 2

1
2

reaction equation (3) is changed only

tw/R (where R = either Ra or Rd). The

1/2

eri2 ec t )(I t)}

t 1/2

ePec erfc {I(Pec t ) (i + -
i (1+] (5)

It has been shown by Sauty (1980) that the relation gives small

errors for radially convergent flow when Pec > 3. It is exact for

Pec -+ o.

Equation 1 may easily be made to include reaction rates between

liquid and solid and to accomodate other initial and boundary

conditions. A common boundary condition is

C = C(z = 0, t) (6)

instead of equation (2b) allowing for variable input of tracer. The

convolution integral may be used to handle this

co

e-Xt'C(t) = C(Ot-t')e * f(t', tWR, Pec) dt'
o

(7)

In the chemical engineering literature and hydrologic literature

many other inlet and outlet boundary conditions have been discussed.

Very often the simple solutions (5) or (7) are not sufficient to

explain the curve forms of an experiment. Recently Landstrom et al.
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(1983) in an experiment with non-reacting tracers over 11.8 m in

fractured crystalline rock in Studsvik obtained a very long tail

which could not be fitted with equation (5). A similar result was

obtained in another field experiment over 30 m in Finnsjon by

Gustafsson and Klockars (1981). In both cases it was concluded that

this could be caused by the presence of at least three different

independent channels through which the water flows. The slower

channels will contribute to the tailing.

3.2 Channeling

Fractured rock especially at larger depths may have considerable

distances between water bearing fractures. Data from deep holes in

the Swedish rock (down to 800 m) indicate that at depths below a

few 100 m the spacing of conducting fractures is on the order of

1 fracture per 5 to 10 m (Carlsson et al. 1983). Other observations

in individual fractures Abelin et al. (1982, 1983) and Neretnieks

et al. (1982) indicate that even in well defined fractures in crys-

talline rock there is considerable channeling. Abelin et al. (1983)

found that in 3 prominent fissures in the Stripa deep (360 m) rock

laboratory less than 20% of the fractures carried more than 70% of

the flow.

A model was recently tested where all "dispersion" is assumed to

be caused by channeling (Neretnieks 1982). It was tested on

some laboratory experiments using a natural fissure (Neretnieks

et al. 1982) and a field experiment (Moreno et al. 1983).

The model is based on the assumption that all channels conduct the

flow from inlet to outlet without mixing underway. At the outlet,

however, the fluid from all channels is instantaneously mixed. We

assume that the channels can be uniquely described by their openings

as regards the flow rate and concentration response.

For the case witha discrete distribution F(6i) of channel openings

di the effluent concentration in each channel is denoted by C(t,6i).

The flow in each channel is Q(6i). Both C(t,i6) and Q( 6) are assumed

to be functions totally defined for every class of channel opening 6i.
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The mixed effluent from all channels has the concentration:

C(t)
C

o

N
£ F(6i) Q(6i) C(6it)

i=l
N

Z1 F(6i) Q(6i)

(8a)

For a continuous distribution of channel openings f(6) we have:

f f(6) Q(6) C(6,t) d6
C(t) = o

C 00
o 

(8b)

f(6) Q(6) d6

A flow system with channeling will spread a tracer pulse along its

pathways and the pulse will also be spread at the observation

(mixing point), even if there is no spreading in the individual

channels.

C/Codt

0 1 2 4

Figure 1 Concentration at the outlet of a

fissures which has been injected

medium with parallel

with a tracer pulse

Figure 1 shows the response of a stratified system to a Dirac pulse

at the inlet. The channel widths in this case were taken to be log-

normally distributed and the cubic law for flowrate

Q = const 63
1 (9)

was assumed to apply. The velocity then is

v = const2 622 (10)
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The tailing is more pronounced in this case compared to cases where

only hydrodynamic dispersion is the cause for pulse spreading.

For distribution F(6i) or f(6) which are described entirely by
1 2

a mean 11 and variance oa the mean transit time t can be deter-

mined from the first moment. For a Dirac pulse at the inlet

- 1
t=C f C(t) t dt (11)

00

From the second moment the variance 02 can be determined

oat= C(t) (t )2 dt (12)

oo

From the latter the equivalent of the dispersion coefficient for

this experiment can be determined.

2
t 1-

DL = 2 7vx (13)

From (11) and (12) the following simple expression for the variance

is obtained

t 2 4(n 10 2 (14)
(_-) = e 4 - 1 (14)
t

where a0 is the standard deviation in the log normal distribution.

From equation (14) it is seen that ( t/t) is a constant for a given

a0 . In fact it has been shown that for an arbitrary distribution -

f(6) - this applies (Neretnieks 1983).

From equation (13) is found that

DL = const ' vx (15)

146



It may be concluded from this, that if there is pure channeling in

a flow region then an apparent hydrodynamic dispersion coefficient

will increase with distance between injection and observation

(mixing) points. Equations (13) and (14) give a direct and simple

relation between DL and Go.

The consequences of using the wrong mechanism in predicting the

tracer behaviour over longer distances are shown in Figure 2. This

figure shows a reference case breakthrough curve for a step in-

jection (the "experimental" results obtained from the channeling

model with ao.= 0.208). From this a Pec = 10 was obtained by fitting

with the advection-dispersion model, equation (5). The predicted

curves are for a 10 times longer distance. It can be seen that the

two models predict very different breakthrough curves. Figure 3

shows some results on dispersion coefficients obtained from experi-

ments in fissured crystalline rock (Neretnieks 1985). The few data

available indicate an increase of DL with distance.

oo

Reference .
/ Chonneling

0

O/ ' Hydrodynorfc dispersLon
/

o· /

0.0 1.0 2.0
TIME,SEC xl10

Figure 2 Predicted curves using the hydrodynamic dispersion

model and the channeling dispersion model. For non-

sorbing tracer for a longer distance (10 times) and a

lower flow (Pe = 100, 0= 0.208).

Hydrodynamic dispersion will take place in every channel in addition

to the channeling. Equations (8a,8b) are quite general and can be

used also for such cases. It can be seen from Figure 2 that the in-

fluence of hydrodynamic dispersion will have a diminishing influence

over longer distances if channeling is in effect.
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Figure 3 Experimentally determined dispersion length in fissured

crystalline rock.

3.3 Matrix diffusion

This mechanism may be active in addition to those previously described.

There is considerable experimental evidence on crystalline rock poro-

sities and diffusivities from the laboratory (Skagius and Neretnieks

1982, 1983; Bradbury 1982), and from the field (Birgersson and

Neretnieks 1982, 1983), in undisturbed rock. Porosities in unaltered

rock range from 0.06 to over 1% and effective diffusivities D = D 
-14 14 

for small ions and molecules range from 1 * 10 - 70 10 m /s.

Dissolved species in the water in a fracture will diffuse into the

porous rock matrix. The process can be described by the diffusion

equation (including here the effects of sorption with linear equi-

librium

K - = D---P + .- ) -AC K (16)a t e 2 x x- p

if there is no flow in the matrix.

KdP (1 -
K = +- d- p (17)

P £p
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With the low hydraulic conductivities of crystalline rock <10 1 2 m2/s

(Brace et al 1968) and low natural hydraulic gradients, transport by

advection is negligible compared to that by diffusion.

103

102 

,0. . _ _ _'/4.002

Orn) 100 _

10-2 .~ L i

10?(1mm) 10
3

-- X- - -

__0- zw-------

1 10 102 103 10 105 106 107 108 109 yo Ors

Figure 4 The penetration depth n0 .0 1 versus time for nonsorbing

K = E and sorbing K > e species.
P P

For short contact times the penetration depths are short and may not

deplete the water in the fissure to any large extent. For long contact

time the influence can be considerable. Figure 4 shows the penetration

depth from a plane surface (0 = O) versus time for nonsorbing species

as well as for species with different sorption coefficients. No radio-

active decay (A = 0) takes place in this case. The penetration depth

nO 01 is here defined as the distance from the surface at which the

concentration in the pore water is 1% of that at the surface. It is

obtained by solving equation (16) for 8 = O and using the_appropriate

boundary and initial condition. These describe that a body initially

with C = O is at time 0 exposed to a concentration at thsurface
P /Det 

which is then kept constant. The result is O.01 r - 4 

To describe the coupled processes of advection-dispersion and matrix

diffusion an additional term is added to equation (1) which becomes

2 SG
R a C + v C = D a + a D X R (18)
a Dt az L a2 e ax x=O a
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Table 1. Some recent analytical solutions to equations 16 and 18 for different geometries and boundary condi-

tions. Initial condition C = Cf = 0. Boundary condition outlet C = 0 at z - .
p~~ f~.

Reference

Neretnieks 1980a

Grisak and Pickens 1981

Tang et al. 1981

Sudicky and Frind 1982

Rasmuson and Neretnieks 1980

Rasmuson 1981

Rasmuson 1984a

Rasmuson 1984b

Rasmuson 1984c

Pigford and Chambre 1982

Dispersion Block model BC Interface
inlet water/block

- At
C = CO e Equilibrium

- _t

Comment

DL

DL

DL

DL

DL

DR

DL

DL

=0

0

#0

#0

0,

#0

#0

#0

Infinite thickness

Infinite thickness C = Ce 'e Equilibrium

Finite slabs C = C Equilibrium 

C = C e- A
0 At

Spheres C = C 'eA Film resistance -
0

Spheres C = C 'e Film resistance,Radial dispersio:
o

2-D-problem

Spheres, slabs C = C Film resistance

-At
= Ce - At

Arbitrary mixtures C = CeAt Film resistance -

of spheres, cylin-

ders and slabs of

different sizes and

size dependent pro-

perties.

Spheres, cylinders, C = CO Reaction rates + No decay in

slabs Eq. (1). Film resistance
Infinite thickness C = e Equilibrium Chain decayt

Infinite thickness C = C'e Equilibrium Chain decay

n=

DL 0

DL =0



The equations (16) and (18) are coupled by C = C at the fissure
P

surface x = 0. There are some analytical solutions to equations (16)

and (18) available for different boundary conditions. References to

some recent solutions are given in Table 1. The solutions all apply

to cases with regular bodies (infinite slabs, cylinders or spheres).

Two inlet boundary conditions are of special interest. In the first

C = C * eXt at z = 0 for 0 < t < t . This describes a case where
o o

the concentration at the inlet decays during the injection time.

This is typical for cases where a radioactive tracer solution is

prepared at a given time and then used for injecting. In this case

the solution for the decaying tracer is obtained as before from the

nondecaying case by multiplication with e . The second case is

when naturally occurring radioactive tracers such as C-14 or H-3

are used. There C = C = constant or C = C(t) at z = 0 and the

solution is not directly obtained from the nondecaying solutions

as in the previous case. Solutions with both boundary conditions

are given in Table 1.

For the case when there is no hydrodynamic dispersion and when

C = C * e at z = 0 and t > 0 the solution is (Neretnieks 1980)
o

At ~ DK
C/Co = e- t * erfc { (t R t ) } (19)/C =e r e (19)

for t > R atw, else C/C = 0.

A criterion for when the matrix diffusion becomes important may

be constructed in the following manner. When the time for the break-

through given by equation (19) to reach a value of C/C e = 0.5

is twice as long as for plug flow i.e. t = 2tw Ra, matrix diffusion

is taken to become important. From equation (19) we obtain 0.5 =

erfc (arg) giving arg = 0.477. Then

t / DKw e
arg =- et- 0.477 (20)

aw

and with t = 2 R t we obtain that for
aw

JR a
t 0.23 D (21)

e

151



the matrix diffusion considerably influences the transport of a

dissolved species. Note the square dependence on fracture opening.

For a nonsorbing species K = c and R = 1, and we obtain as an
--14 r2/s 016

example for E = 0.002 and D = 5 * 10 14m/s t > 0.23 106 2 s.
p e w

For a 100 um fracture tW must be larger than 0.7 year to feel the

influence of matrix diffusion, whereas for 6 = 10 Um, t > 2.7 days.
4 w

With a strong matrix sorption K = 10 ,even fairly large

fractures would influence the process already for short transport

times of the water.

The criterion could of course be chosen differently. If the time is

chosen where the 50% concentration point has travelled a time

1.1 R t instead of 2 R tw, the criterion is sharpened by a factor
aw a

of 100. This would give t = 2.7 days in the 100 Um fissure and t =
w w

40 minutes in the 10 Pm fissure.

Even the second criterion gives a clearly noticable influence on the

shape of a breakthrough curve especially in the tail. The values of

D and E were taken for from data on fresh, unaltered crystalline
e p

rocks. For fissures where the surfaces are altered the few available

data (Skagius and Neretnieks 1983) indicate that the values can be

considerably higher.

It may thus be expected that the effect of matrix diffusion will be

noticable in many field experiments and even may become the dominant

effect in small fractures and for long water transit time. Matoszewski

and Zuber (1984) recently discussed the impact of matrix diffusion

in field experiments and also concluded that it may have a consider-

able impact. In short the solutions to the matrix diffusion case

equations (16) and (18) for a stable species can be written

DK
C/C = f(t, { Pec, tR a - S } ) (22)

If channeling also must be accounted for, at least an additional

parameter describing the channling distribution e.g. oa must be in-

troduced (Moreno et al., 1983, have chosen to use either at or Pec

in their models). If the penetration depth T.01 is comparable to the

block sizes S, the solution is also dependent on this as shown in

equation 22.
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In many real field situations the boundary conditions may be more

complex than discussed above, the flow may not have constant velocity

or the rock blocks may have considerably different sizes and shapes.

Very general boundary and initial conditions may be handled by stan-

dard numerical methods used for solving equations (16) and (18) and

this is in practice seldom a problem.

Varying velocity fields may also be handled with standard numerical

techniques. It was shown by Sauty (1980) that in a cylindrically

radial flow field very small errors are introduced by assuming a

constant flow velocity, provided dispersion is reasonably small

Pec > 3. Neretnieks and Rasmuson (1983) showed that even smaller

Peclet numbers can be handled well in an arbitrary flow field by

using a weighting technique to determine an "average" Peclet number.

It is based on a method of continuously adding the variances of

each section of the flow tube.

Blocks of various sizes and shapes and diffuiional properties can

be handled rigorously by exchanging the aDe x Ix=O term in equation

(18) for

1 aC (b)
CO , 9 1 B+1 (23)1 . f D P dA = I ! f(b) D ) (23)mV A e an m b e ax x=0s A w

which means that all the solute transported over all the surfaces is

accounted for over all the various blocks of different sizes. The

block size distribution is f(b) and b is the block radius. This

technique however makes it necessary to solve equation (16) for

every block size "i" (and shape and property).

i

Ki (rD ) i = 1.2 ... N() (24)
t' rB Dr e 3r

where again 8 = 0,1 or 2 for slabs, cylinders and spheres respectively.

Some analytical solutions have been obtained by Rasmuson (1984b) for

such cases. The application of numerical techniques to the N equations
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of (24) and one equation of (18) increases the work load propor-

tional to N. Neretnieks and Rasmuson (1984) and Rasmuson and

Neretnieks (1984) developed and tested an approximate technique

whereby the N equations (24) are reduced to one equation. This is

based on what they call the PSEUDOBODY approach. The basic idea is

that all shells of the rock blocks at the same distance from the

block surface behave in the same manner. They can thus be lumped

together forming PSEUDOBODIES with the same total outer surface and

the same total volume as the real blocks. The blocks have a cross-

sectional area A(x) as a function of distance from the surface x,

which is the same as the average for all the real blocks. Equations

(24) simplify to

aC , -, 3CKC_ 1 c
^ -A^ ̂ e^^) (25)Kat A(x) ax (De A(x) ax- (25)

which is equivalent to (16) for slabs cylinders and spheres of

equal size if the appropriate A(x) function for these bodies is

used. The PSEUDOBODY approach considerably decreases the computa-

tional effort, and the cases tested, gives surprisingly small dif-

ferences compared to the exact analytical solutions. Figure 5

shows some comparisons between the exact analytical solution and

the results obtained for the PSEUDOBODY method for two cases. The

block size distribution is given in Table 2 below:

Table 2. Block size distributions used in the comparisons.

Block Volume Other

diameter fractions surface
2

m m

0.02 0.0909 22.5

Case "small" 0.5 0.9091 9

: ° . -( 0.5

0.1 0.0909 4.5

Case "large" 0.5 .- - 0.9091 9

0.5
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y I0 - analytical V .c
102 .--- numerical. V const. / 

C10 ---- 'numerical. V ar / \

I LARGE, SMALL

10 10 2 1 /
i .100 * Xc_ l

10 102 103 104 105 106 10' 108 109

Time (years)

Figure 5 Computed effluent curves for Np-237 from a crushed zone

with varying block sizes

1) exact solution -

2) PSEUDOBODY approximation -

1) and 2) constant velocity and Pec = 0.875

3) PSEUDOBODY approximation and variable velocity

(factor 8000) "exact" solution using dispersion pro-

portional to velocity.

The "o" block size indicates that there is diffusion into a surface
2

area 0.5 m of blocks so large that only this fraction of the sur-

face is exposed to the flowing water in the representative elemen-

tary volume.

The figure also gives curves where the previously mentioned averag-

ing technique for Pec has been used in a flow field which has a

velocity ratio of 8000.

These two approximate techniques give errors which are small compared

to the natural variations in data on dispersion, diffusion, porosity

blocksize distribution,velocity and equilibrium data.

4 EVALUATION OF EXPERIMENTS

4.1 Artificial tracers

Natural or artificial tracers which can be observed over time and/or

space may be usej to determine the parameters denoted by { , , , }

in equations (7) and (22). The list becomes longer the more mecha-

nisms one wants to incorporate e.g. oC equations (7) or (22) are
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used in the channeling models (8a) or (8b). Usually the quality of

field data do not permit more than a few parameters to be determined

with a reasonable confidence. Many different models can be made to

fit the data equally well. Moreno et al. (1982) showed that it was

possible to fit results from a field tracer experiment in fissured

rock practically as well using either of the following model concepts:

1) 2-pathways with advection-dispersion only, 6 parameters to fit

2) 3-pathway model as above, 9 parameters to fit

3) 1-pathway advection-dispersion matrix diffusion, 4 parameters

to fit

4) Channeling model with advection and matrix diffusion, 4 parameters

to fit.

In all the above cases the mean square error of fit was about 4%.

The only parameter value which was similar in all four curve fittings

was the water residence time t (in case 1 and 2 this applies only

for the principle channel). A fifth model was also tested where in

addition to advection, dispersion, matrix diffusion also stagnant

zones of water in the fissure was modelled. The latter approach per-

formed better than the others in bringing together the runs with

the sorbing tracer and also with independent laboratory data on

porosities, diffusivities and sorption.

Some laboratory runs in natural fissures over distances up to 37 cm

have also been evaluated using the above techniques (Neretnieks et

al. 1982; Moreno et al. 1984). In these experiments non-

sorbing tracers were used to characterize the hydraulic properties

of the fissures. Independent laboratory data on sorption and matrix

diffusion were also obtained. The runs with the sorbing tracers Cs,

Sr2+ in the fissures are in fair accordance with the predicted

results. The effect of matrix diffusion is very clearly seen in

these cases. Figure 6 shows the breakthrough curve from a 30 cm long

natural fissure with Sr + and the best fit using only surface sorp-

tion. Figure 7 shows another model having only matrix diffusion for

two of the curves whereas the curve "combined model" accounts for

both surface sorption and matrix diffusion with sorption. Reasonable

fits could only be obtained if both mechanisms were assumed to be

active.
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Figure 6 Comparison of experimental run S2 with Sr2+ and model

using surface sorption as only retarding mechanism.

C/Co
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0.5
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Figure 7 Run S1 with Sr2+ and fit with combined model as well as

attempts to fit with model where surface sorption is

neglected.

4.2 Some aspects on the use of natural tracers

Carbon-14 is often used for water dating purposes. For slow flow

in fissured rock some mechanisms must be considered as potentially

causing difficulties in interpretating the "age" of the water*. The

steady state solution for flow in a fissure where the blocks extend

to - and where there is decay, dispersion, matrix diffusion and sorp-

tion as well as surface sorption can be obtained from Tang et al.

*In a closed system a water age has a meaning. In an open system

where mixing of various bodies of water takes place there is no single

age. Below we will use "residence time" meaning the volume of the

conduit with advectively moving water devided by the flow rate. This

gives the residence time tw .
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(1981). The boundary condition is C = C . The solution for the

fluid in the fissure is:

Pec Pec)2 1/2

C/C = e 2 ( 2zL ) (26)

(AD, K) 1 / 2

where = R X + 2 (27)

or when there is no dispersion (DL = 0) (Neretnieks 1980)

-t w
C/C = e (28)

When the distance between the fissures - S - is small enough for

the diffusing fronts from each side to meet but when hydrodynamic

dispersion is neglected we obtain (Neretnieks 1981):

a2 ( )De 1/2
-t { R A + * (2 a- 1)}

C/CO = e ( 29)

eY

where a = (30)
Y + -Y

and Y = 2 (31)
e

The influence of some of the entities is investigated below. From

equation (39) and (31) we see that (30) approaches the value 1

when y >> 1. For y = 3 we obtain

S/2 = 3-/- 4 D T1/2 (32)S/2=3V 4 aa T1/2 (32)Kh lin22TI/
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And thus S/2 = n .01, the previously used expression for penetra-

tion depth, but with the halflife used as contact time. Thus when

S/2 > 4 / D1aT, the thickness of the blocks do no influence the
a 1/2

solution and equation (26) to (28) apply. Solutions are available

when this is not the case and when dispersion must also be accounted

for (Rasmuson 1984a).

Returning to equation (28) and (27) it is clear that the concentration

C at a given point (given distance, velocity and so the water resi-

dence time tw) is strongly influenced by surface reactions - R - and
w a

matrix diffusion. Neretnieks (1980) and (1981) showed that the matrix

diffusion may contribute to a lowering of the C-14 concentration in a

given point so much that the apparent "age" of the water becomes

several orders of magnitude larger than the residence time t . The

same effect is obtained due to hydrodynamic dispersion. In equation

(26) when Pec + 0:

-/ (v Pec tw )

C/C = e (32)
o

A generalisation of these cases can be written:

D KA
C/CO = f {Pec, twR, e (33)2 ' W }

6

The parameter groups are not unique, they may be combined in various

ways. The number of independent groups is an indication of how many

parameters could be independently determined from observations. In

equation (33) 4 parameter groups are shown. To determine these obser-

vations at least 4 observations at different residence times or dif-

ferent distances would be needed. Still t could not be resolved if
w

there is no independent information on the surface reactions deter-

mining Ra.

The combination of several tracers with different A and independent

laboratory experiments to determine Ka, De and K would considerably

increase the confidence in the interpretation of data on natural
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tracers as the independent parameters that must be determined de-

crease. The surface reactions must be determined independently to

obtain t
w

5 SUMMARY AND CONCLUSIONS

For transport of tracers in fissured rock many of the mechanisms which

influence tracer movement are understood well in principle. The mathe-

matical models are well developed and techniques for solving them are

available. There are several processes which as yet have not been

much studied and which seem to play a large and sometimes dominating

role. Channeling and matrix diffusion can strongly influence the

movement of artificial as well as natural tracers in fissured rock.

There are mechanisms which are suspected to take place (e.g. diffu-

sion into stagnant zones other than the micropores of the matrix)

which could have a considerable influence. These have not been studied

much.

The large number of processes influencing field experiments make it

very difficult to evaluate the parameters describing these processes

with any confidence. Independent laboratory measurements or other

independent observations would increase the level of confidence in

the evaluation of the experiments.

NOTATION

-1
a specific surface m

2
A surface area m

C concentration in mobile fluid mol/m3

C concentration in pore fluid mol/m
P
C concentration at inlet boundary mol/m

K equilibrium constant (eq. 17) mo/m

K surface equilibrium constant m
a 3

Kd mass equilibrium constant m /kg

m Ef/(l-ef)

Pec vz /DL

Q flowrate m3/s
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R surface retardation factor
a
Rd volume retardation factor

t time s

t mean time s

t tR s
o wa
t water residence time = volume mobile s
w

water/flowrate

T1/2 half life of radionuclide s

v water velocity m/s

v mean water velocity m/s
3

V solid volume m
s
x distance into matrix m

z distance along flowpath m

~a ~ equation (30)

B geometry factor 0, 1 or 2

Y equation (31)

6 fracture opening m

£f flow porosity

Ep matrix porosity
-1

X decay constant s

Pp rock mineral density

oQ log standard deviation of fissure widths

at standard deviation of residence time s

v equation (27)
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COMPUTER MODELLING OF CONFINED AQUIFER SYSTEMS
FOR INTERPRETATION OF CHEMICAL AND
ENVIRONMENTAL ISOTOPE DATA

M.A. GEYH
Niedersachsisches Landesamt ftir Bodenforschung,
Hannover,
Federal Republic of Germany

Abstract

Use of a hydraulic flow model for interpretation of chemical and

environmental isotope data in confined aquifer systems is described.

Analytical and numerical approaches for steady-state flow cases are provided.

Extension of the methodology to non-steady-state flow conditions are discussed.

1 INTRODUCTION

Isotopic and chemical compositions of groundwater in confined aquifer sys-

tems are usually interpreted using the piston-flow model, often modified

by considering effects such as diffusion (KLITZSCH et al. 1976), aquitard

diffusion (SUDICKY & FRIND 1981), matrix diffusion (NERETNIKS 1981), and

dispersion. However, preliminary estimates on the effect of hydrodynamic

mixing of groundwater from adjacent stockworks on the environmental isoto-

pic composition in groundwater have stimulated the development of a "hy-

draulic model" (GEYH & BACKHAUS 1979; GEYH et al. 1984) which has already

been successfully applied to aquifers in large basins and alluvium. The

results have shown that hydrodynamic mixing often seems to change the iso-

topic composition much more than the other effects.

Applying the hydraulic model, the hydraulic conductivity of the aquitard

can be determined for confined aquifer systems assuming steady-state flow

of the groundwater. However, a modification of the hydraulic model for

non-steady-state flow is planned to take into consideration the wide-

spread disturbances resulting from groundwater withdrawal.

2 OBJECT OF STUDY

A confined aquifer system consisting of two aquifers separated by a leaky

aquitard is shown in Figure 1. When the hydraulic conductivities k of the

two aquifers and that of the aquitard differ by at least two orders of
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magnitude, the groundwater flows horizontally in the aquifers and verti-

cally in the aquitard. The thickness of the aquitard is H1, that of the

confined aquifer H2. The corresponding total porosities n1 and n2

are assumed to be constant over the entire area. A case study applying the

hydraulic model for the Buntsandstein aquifer in southern Germany has

shown (GEYH et al. 1984) that the total porosity instead of the effective

porosity must be used when long-term dye or other transport studies are

made. The hydraulic heads of the unconfined, upper aquifer and the con-

fined, lower aquifer are 10 and 12, respectively, differing by

A = 1 2 -11

_ X ---

WELLII WELL 

unconfined AQUIFER C 

-- ~12

Fig. 1: Schematic diagram of a section of a confined aquifer system far

from the catchment area.

It is assumed that the water samples represent well-mixed water columns of

the confined aquifer because

- the geothermal gradient in deep aquifers causes convection (WOOD &

HEWETT 1982), which may destroy any age distribution, and

- the sampled wells penetrate the entire aquifer system. Thus, pumping

during the sampling mixes groundwater along the whole profile.

The groundwater in the unconfined aquifer is assumed to have an age of

about zero due to a very short turn-over time in the hydrogeological

cycle, that of the confined aquifer may have any age. If both stem fromcycle, that of the confined aquifer may have any age. If both stem from:
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similar geological recharge conditions, the initial isotopic or chemical

compositions C(t=O) cancel and need not be taken into account. In addition

to radioactive decay, secondary chemical processes (REARDON & FRITZ 1978;

WIGLEY et al. 1978) during the presence of the groundwater in the aquifer

which may change the chemical and isotope compositions need not be taken

into account. But the model can be modified easily with respect to this.

The vertical groundwater flow through the aquitard can be described by

Darcy's law. The vertical Darcy velocity V1 and the corresponding tracer

velocity v1 are given by

k.A
Equation 1: v v.n = H1

where k is the hydraulic conductivity of the isotropic aquitard. Equ. 1 is

valid for any value of 6 larger than a few decimeters and for any 12

above the base of the aquitard. The piston-flow model is valid if 12 A

11 or A > 0. When this is the case, deep groundwater flows upward

through the aquitard and the isotopic and chemical compositions remain un-

changed within the confined aquifer. Only the horizontal flow velocity

V2 is increased.

In the opposite case, when 0, <0, groundwater from the unconfined aquifer

is mixed with that of the confined aquifer, changing the isotopic and

chemical compositions of the'deep groundwater. As the admixed water can be

both older and younger than the water at a certain point in the aquifer,

the isotopic decay age may be larger or smaller than the actual residence

time (hydraulic age). Despite the generally low vertical groundwater flow,

differences between the two may amount to several millennia since the

turn-over time of the deep groundwater is large. There are cases where the
14C decay ages of deep groundwater samples do not even reflect the hori-

zontal flow direction any longer (GEYH et al. 1984). In such cases, the

hydraulic model must be applied instead of the piston-flow model.

The base of the confined aquifer is assumed to be an ideal impermeable

aquiclude.
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3 STEADY-STATE MODEL: ANALYTICAL AND NUMERICAL APPROACHES

Over geological periods of many 1000 or 10 000 years, steady-state flow

can be assumed and steady-state mixing from the adjacent aquifer yields a

time-independent spatial distribution of the isotopic and hydrochemical

compositions of the groundwater. This process is described by the continu-

ity equation

Equation 2: Eqato 2:2- 2 + D c 2

-xV2v -'c2 + D 2-

where x is the horizontal axis, Xthe decay constant of the radionuclide

and D the horizontal dispersivity. A relatively simple solution is obtain-

ed for the one-dimensional case (GEYH & BACKHAUS 1979) which allows the

general behavior of the hydraulic model to be studied. As an example, a

diagram of measurable 14C decay ages and the corresponding hydraulic

ages is shown in Fig. 2.

Fig. 2: Difference between the 14C groundwater ages and the correspond-

ing hydraulic ages in a confined aquifer due to admixed water from

an unconfined aquifer for the one-dimensional case (GEYH & BACK-

HAUS 1979).
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Just downstream from the replenishment area, the 14C decay ages are

slightly larger than the residence times because the admixed water from

the aquitard needs some time to enter the deep aquifer. Further away,

there is one point where the two are the same. Further towards the dis-

charge area, the input rate of 14C atoms into the confined aquifer be-

comes more and more leveled out by the decay rate and the 14C decay ages

remain constant. In this part of the aquifer, 14C decay ages no longer

reflect the flow velocity or even the flow direction. The 14C content is

only a function of k of the aquitard and a , as well as geometric parame-

ters of the aquifer system.

For the practical application of the hydraulic model, the two-dimensional

case must be solved. Any analytical solution is rather complex (GEYH et

al. 1984) and difficult to adapt to the independently varying gradients of

H1, H2, and A over a distance x. Hence, numerical solutions, obtained

by incremental calculations, are more convenient to use.

Profiles are selected which follow the flow lines of the groundwater, are

perpendicular to the isopiezometric lines, and go through as many wells as

possible. The wells divide the aquifer into n compartments with lengths

x(i). The chemical and isotopic compositions of the groundwater from the

wells (i) and (i+1) define the boundary conditions (Fig. 3). Each compart-

ment is divided in m segments j with a constant base length dx(i).

Qvert

-- .COMPARTMENT i --- ELL 
A B C

I I I I I I II
I I I I I I I iII

?in

L- I - l : => gOt
I I ,, .ldx Ii I 

t lx I I '1 I

------- x.I I I ! I

i 1 111111

I J
_ XI

Xi

Fig. 3: Finite-element hydraulic modelling of a confined aquifer system

with n wells.
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For each segment j, the horizontal outflow Qout(i,j+1) equals the sum of

the horizontal inflow Qin(i,j) and vertical inflow Qv(ij)

Equation 3: Qot (ij+1) = Qin(ij) + Qvert(ij)

From Equations 1 and 3, the tracer velocity v2(i,j+l) can be calculated

as follows:

12(J) k'A(i,j)-dx(i)

Equation 4: v12(iJ-+1) H- (i,j).H 2 (ij+l).n 2

The chemical and isotopic compositions of the deep groundwater are calcu-

lated using the following equation:

- \-dx(i)

Equation 5: 1. . . . v2(i,j+l) k. A (i,j).dx(i).c (i,j)
E - vuj) ( :v2(i,ij). n2 (i,j).n 2 c 2 ---(-e H (,j)

c 2 (ij+l) = dx

22 2 Hk(i,j)1

where A(i,j) 0. If A (i,j) >0, then c 2(i,j+1) = c 2 (i,j)-

Measurable knowns in Eq. 5 are c2, c1, H1, H2, n1, n2, and .

The values of c1 and c2 are determined analytically for chemical com-

positions. Stable isotope ratios (oxygen and hydrogen) and activities of

radionuclides are measured. If c1 is obtained from radioactivity mea-

surements, corrections must be made for radioactive decay (14C, 3H) or

production (39Ar) within the aquitard (Chapter 4). The most sensitive

parameter in Eq. 5 is A . Of the unknowns v2(i) and k, the hydraulic

conductivity is frequently sought, for example to establish the hydraulic

tightness of the base of waste disposal sites or lack of it. In this case,

calculations are made by increment using various plausible v2(i) values

in Eq. 5. One starts with the first segment of the first compartment and k

is varied until the calculated c2 of the last segment of the first com-

partment agrees with the measured value. Then, v2(i+1) is calulated

using Eq. 4 and the procedure is continued for the second compartment and

so on. The actual values k and v2(i) for the study area have been ob-

tained if the k values for all compartments of the same profile agree with

each other (GEYH et al. 1984).

The accuracy of k and v2(i) is more or less a linear function of the ac-

curacy of the known terms.
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The utility of the two-dimensional hydraulic model has been demonstrated

in a case study in SW Germany. 14C, 39Ar, stable isotopes, and rare

gas concentrations were measured (GEYH et al. 1984). The k value (Fig. 4)

for the aquitard of the study area agrees with that calculated from the

results of pumping tests. Both the stable isotope data and the rare gas

concentrations are a linear function of the 14C decay ages of the

groundwater samples, reflecting two-component mixing (MAZOR 1972), which

is the basis of the hydraulic model. Last, but not least, estimates of the

specific 39Ar saturation activity of the admixed groundwater from the

aquitard derived from the measured 39Ar activities in the groundwater

samples from the confined aquifer (LOOSLI & OESCHGER 1979; 1980) were very

close together and within an acceptable range (LOOSLI 1983).

Fig. 4: The values of k and v2, as well as the content Q of vertically

admixed water, in SW Germany according to the hydraulic model

(GEYH et al. 1984).

4 NON-STEADY-STATE CONDITIONS: INITIAL CONSIDERATIONS

During the geological past, steady-state paleohydrological conditions were

disturbed several times, e.g. during transitions from glacial to intergla-

cial periods in humid areas or between pluvial and dry periods in present-

day arid or semi-arid regions. Assuming a sudden cessation of groundwater
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recharge at the beginning of the last glacial period associated with an

abrupt drop of A to zero, the 14C decay ages of groundwater would ap-

pear to be smaller than the hydraulic ones by up to 10 % (GEYH & BACKHAUS

1979).

Steady-state conditions may have been reached again during the Holocene.

But groundwater withdrawal during at least the last several decades has

lowered the groundwater heads in many cases and increased the absolute

initial A values. As a result, the 14C ages of samples taken from pump-

ed wells often show considerable temporal changes, sometimes associated

with corresponding changes in the chemical composition (Fig. 5). This ef-

fect was earlier called the mining effect (GEYH & BACKHAUS 1979). The pre-

dicted changes of the 14C decay ages in groundwater have been confirmed

in a later case study.

- year

Fig. 5: Changes of 14C decay ages due to groundwater abstraction in

several wells.
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For a more detailed discussion of the effects of non-steady-state flow

within the aquitard on the chemical and isotopic composition of ground-

water, these compositions must be known as a function of depth in the

water column in the aquitard (Fig. 6). But these curves start to change as

soon as the steady-state flow becomes disturbed.

3 He 39Ar 14C

H. \ - 2nHz / I

.4-i -I +,, I

\cc t /.nHz //

C 2 co
content

Fig. 6: Isotopic and chemical compositions along a profile in the aquitard

for A< 0 for steady-state flow.

Radionuclides (e.g. radiocarbon, tritium):

The concentration c1 of a radionuclide in the aquitard has its maximum

co at the base of the unconfined aquifer. It decreases during the flow
of the groundwater through the aquitard as a result of radioactive decay.

Using Eq. 1, the maximum residence time in the aquitard is given by

2

Equation 6: T H= _ 1
v k /

The concentration cl at the base of the aquitard is then given by
2

)nl .H1
Equation 7: c = c e k.A

0
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Stable isotopes (e.g. 180, 2H):

The stable-isotopes compositions of groundwater from both the same catch-

ment area and the same paleohydrogeological period are rather constant.

However, the b180 values, for example, from Holocene and Pleistocene

groundwaters differ by maximum 1.8 °/oo in Central Europe. In contrast,

in North America such a difference has not recognized (GAT & GONFIANTINI

1981).

If there is an abrupt change in the stable-isotopes compositions in the

water column in the aquitard, the hydraulic model can be applied.

Chemical composition:

The chemical composition of the groundwater from the unconfined and the

confined aquifers may differ somewhat from each other. But in most cases

the differences are too small to detect with the sensitive radionuclide

tracers in hydraulic model applications. The situation is improved if, for

example, ion exchange in the aquitard has changed the chemical composition

of the groundwater during its long-term seepage through the aquitard.

However, temporal changes in chemistry due to this effect must be distin-

guished from the mixing of highly mineralized groundwater through the base

of the aquifer. In such cases, the application of the hydraulic model is

only theoretically possible since in almost every case the salinity and

the piezometric head of the deep-seated mineralized water is unknown.

Radiogenic isotopes (e.g. 39Ar, 40Ar, 3He, 4He)

In many isotope studies it has been recognized that radiogenic rare gases,

such as 39Ar, 40Ar, 3He, 4 He, are present in groundwater in excess

(BATH et al. 1979, RUDOLF 1981, LOOSLI 1983, ANDREWS et al. 1984). It has

been demonstrated that in-situ production of these isotopes alone cannot

explain these concentrations. Admixture of gases from the "earth's inter-

ior" has been used as explanation.
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Argon-39 is produced by reaction of potassium-39, which is frequently pre-

sent in rocks, and neutrons produced during decay of uranium series pro-

ducts. Helium-3 is formed from tritium, helium-4 is produced by the alpha

emitters in the aquifer and 40Ar is formed by the decay of calcium-40,

also a frequently occurring isotope.

----. _ 39Ar

ti pumping time

Fig. 7: Temporal changes in the isotopic and chemical compositions of the

groundwater in the confined aquifer since the time of disturbance

of the steady-state flow.

GEYH et al. (1984) suggested that 39Ar may be produced in the aquitard

and saturate the pore water due to the long residence time. Hence, rela-

tively high concentrations may be present in the aquitard and may become

admixed in the groundwater of the confined aquifer. The saturation concen-

tration of the admixed groundwater at the base of the aquitard is given by

Equation 8:

2 2
- X.Hn- .H.n

k .A P k A
c1 = c .e + (1 - e

1 0A 

where P is the production rate and co is the radionuclide concentration

of the groundwater in the confined aquifer. The value of c1 may be

larger than the natural level in meteoric water by a factor of up to 10.

In the case of stable radiogenic isotopes, the concentration will rise

linearly with time if the parent nuclide is frequent enough.
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If steady-state flow is disturbed at time t=O, the curves of the isotope

and chemical compositions in the aquitard start to change. Assuming the

acting force is constant, steady-state flow should be established again

after time t 1. Such changes during this time are shown in Fig. 7. In-

deed, the proposed behavior for radionuclides such as 14C is confirmed

by the changes of the 14C content in the groundwater from the confined

aquifer (Fig. 5).

The 14C concentration increases slowly at the beginning and decreases

after reaching a maximum. In the case of radiogenic radionuclides as
39Ar, the concentration first rises rapidly to a constant level and then

slowly decreases. The concentrations of stable radiogenic isotopes will

decrease with time. Environmental isotope and chemical compositions may

change abruptly or not at all.

These effects have two consequences:

1) Since in many cases the first isotope analyses of samples from pumped

wells were made after many years of use, the results reflect non-steady-

state conditions. In this case, a task is to determine from the temporal

changes the initial values of the various compositions representing stea-

dy-state flow. If these initial values are not used, the hydraulic model

may yield unreliable results (Chap. 3). One procedure may be to compare

the temporal trend of the chemical composition with that of the isotopes

as in most cases the initial chemical data are known. If they can be cor-

related, the value of co for the isotopes can be obtained by extrapola-

tion to t=O.

2) It is planned to model the temporal change of the chemical and isoto-

pic compositions of the groundwater in confined aquifers in order to esti-

mate the k values of the aquitard. For this purpose, Eq. 3 will be modi-

fied in such a way that j is used as year of observation instead of the

number of the segment. It is presumed that both c2 and A have been moni-

tored over several years or can be extrapolated and that the history of

the well is known. As the duration of anthropogenic disturbance is short

compared to the residence time of the groundwater within the range of the
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pumping cone, the one-dimensional case can be considered as follows:

H n .c2() + (j) c (j)
2'~2' 2 H1 V 2

Equation 9: c2 ( J+) = 
H2 n 2 H.v 2

There are at least three unknowns: k, c1 and v2. The last one may be

estimated from results from seldom used neighboring wells without anthro-

pogenic disturbance and c1 may be substituted from Eqs. 7 and 8. Experi-

ments are in progress to apply this procedure to available temporal re-

cords of the chemical and isotopic compositions of deep groundwater to

evaluate hydrogeological field data.

5 CONCLUSION

A simple numerical solution of the two-dimensional hydraulic model (GEYH

et al. 1984) for steady-state flow in confined aquifer systems is present-

ed in this paper. The hydraulic conductivity of the confining bed can be

determined with a minimum of field data or analysis of the chemical and

isotopic compositions and the possibility of quickly adapting the model to

the particular field situation.

A promising field of theoretical improvement of the hydraulic model is the

implementation to non-steady-state flow in order to estimate needed ini-

tial field data from the changes in chemical and isotopic compositions

with time in areas pumped for long periods of time. In addition, it may

become possible to derive hydrogeological field parameters from the tem-

poral behavior of the load in the groundwater.
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Abstract

Some classical experimental ("two-well pulse method") and theoretical

(hydrodispersive scheme) methodologies commonly used to analyze porous

media have been applied to the Nardo' Aquifer (Southern Italy). The results

have been satisfactory only in the case of natural flow. Some recent

pumping tests indicate that the tracer spreading has a high sensitivity to

the pumping rate.

1. Introducton

The Water Research Institute of the Italian National Research Council, at

its Bari establishment has started a study program on the hydrodispersive

transfer of pollutants in groundwater flow. The objectives of this program

are:

- to update the knowledge of the existing experimental and theoretical

methodologies employed in this field;

- to familiarize with the "two-well pulse" technique in'order to use it for

determination of dispersivity and kinematic porosity of the aquifer of

the Apulian region (Southern Italy);

- to develop computer programs for interpretation of tracer data;

- to develop a computer program able to simulate and predict the aquifer's

behaviour.

This program is the extension of a previous research program devoted to the

solution of problems of an operational nature (e.g. minimizing distribution
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of costs, optimizing the management of the resources of a globally

available ground and surface water system in the case of conflicting

demands, etc., [3],[5],[12],[22],[532) and to perform an experimental and

theoretical analysis of the groundwater flow in porous and fractured media,

[4],[7],[8],[23],[54].

The first computer programs have been already completed and in the same

time useful experimental data concerning the transport of solute materials

in the Nardo' Aquifer (Apulian, Italy) have been collected. The

interpretation of these data and some first attempts of simulation have

been also performed.

This paper is concerned with the obtained results and the main remarks that

come up from them.

2. Computer programs

These investigations refer only to the satured area of porous and fractured

medium.

2.1 The computer program IASO

IASO is a Finite Element computer program developed to

spreading of a miscible pollutant in an aquifer.

The mathematical model is based on the hydrodispersive scheme

governing equations are, [1],[2],[14],[18],[31] :

predict the

so that the

(1)
Qtt

( w)K CR A-) ' K ' ) + q< 

(2) n ;3i e ^ ,M.z ). I D(
oC O'X V O1

(t) [, Q q- '- Lj

(3) b C. = 'h L _UJ _,, 4. k^ kxju
(tL Xj

,z~ C = 2- i

+J 'j;,-J , 2 t^.1 ^-+ bo

(4) h> L 0( L4L

(5) h-t O Tr T,
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where

C pollutant concentration

Dii dispersion coefficients

DL longitudinal dispersion coefficient

D. transverse dispersion coefficient

K permeability

n kinematic porosity

q inflow per unit volume

s specific yield

t time

C' tortuosity

u1 x-component of velocity vector

u2 y-component of velocity vector

u (u12 + u22)1/2

x,y horizontal co-ordinates

O(L longitudinal dispersivity

O T transverse dispersivity

DO molecular diffusion

h piezometric head

The Finite Element grid consits of three-node triangles with linear (resp.

parabolic) local head and concentration fields, [20]. The implicit

Crank-Nicolson scheme is used to advance the solution in time.

This method allows to avoid stability conditions even though some

restriction persist in the use of the spatial size and time step to obtain

consistent solutions (without overshoots or numerical diffusivity),

[16],[29].

The two algebric linear systems generated from the eqs. (1)-(2), when the

Galerkin procedure is applied, [39], are solved using different methods

such as Gauss-Seidel, S.O.R., Cholesky, Modified Conjugate Gradient, Crout

[19],[21].

The procedure of IASO model solution consists of the following steps:

a) reading input data (triangles, grid, points, hydrogeological

parameters, velocity field, sources);

b) assemble the matrices of the linear algebric systems;

c) solutions of the systems (different algoritms can be chosen based on

the characteristic of the matrices).
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2.2 The computer programs GROWA-O1 and GROWA-02

The existing techniques to solve the identification (or inverse) problem

can be broadly classified into three groups: boundary values methods,

direct methods, and optimization methods. A fairly complete rewiew of the

application of these methods is given in [7],[37],[39]. Apart from the

significant technical contents, the main remark that the analysis of these

papers suggests is that, despite more than a decade of efforts by a great

number of investigators, the identification methodology has not yet

achieved a sufficiently high level of reliability in field applications.

This is mainly the result of:

- the difficulty to obtain suitable experimental data;

- the instability of the applied algorithms with respect to observation

errors (the reason of this instability becomes quite apparent when it is

considered that the unknown parameters depend on the head h and

concentration C only through theirs partial derivatives and it is well

known that given any function, a neighboring function can be selected

which has its derivatives arbitrarily far from these of the given

function, [38]);

- the difficulty to ensure convergence of the iterative procedures if the

initial guess for the unknown parameters is too coarse.

For these reasons, the procedure presently built up on this subject is

based on methodologies less sophisticated from a mathematical point of

wiew, but which make it possible to control the physical meaning of the

required data manipulations, [11].

This procedure includes: i) collection and analysis of all available

informations on the aquifer (geological peculiarities, results of previous

field experiments, ect.), ii) comparison of these data with the ones for

similar aquifer, iii) execution of in situ measurements [36], iv)

application of the graphical matching technique to obtain a first estimate

of o' , oWr and n [27],[9]. GROWA-O1 and GROWA-02 concern the step iv) of

this procedure.

The first one provides the type curves generated from almost all the

existing analytical solutions of the classical equations for the convective

- dispersive transport in porous media, [11],[28].

The second computer program is based on the approach proposed by Murty and

Scott, [27].
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In the authors' opinion this work is particularly attractive owing to the

semplicty of the basic idea which allows to easily analyze all the

interesting combinations of the available data (sub-set of data recorded at

the same time but at different spatial points; sub-set of data recorded at

single spatial point but for different time instants; sub-set of data

regarding only selected spatial or time points) so that useful information

can be also obtained on the heterogeneity, time and spatial scale effects.

In addition, depending on the number of values of the concentration that

are available or selected to construct a sub-set, both the deterministic

and optimization analysis can be performed.

All the requested knowledge is made up by the upper and lower limits of the

possible values of Oi; and R= c L / o-r .
By means of the selected maximum, minimum and average values of < , orthe

values of C can be calculated at the given points on the aquifer for the

preestablished time intervals. For this step in GROWA-02 a finite

difference routine is implemented to solve eqs. (1)-(2).

By means of the values of the concentration C can be written as a

polinomial expression in terms of L and R :

T -y + I ,3 T T2 5

(7) X> ~ - m

(8) 

( 9) Ai c - ,

(10o) Ap p -

where RM, coL, are the maximum values; R , O(m the minimum values; R , C/

the average values; T1,T2,...T 9g are the coefficients which contains

suitable combination of the computed values of C.

The number of polynomials must be equal to the number N of the available

experimental data so that the algebric system

(11) t u ) o C; utCbb)
<C'turns out....

turns out.
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If N=2 the final values of CL_ and R are computed by applying a standard

routine for the Newton's method ("deteministic approach").

If the number of the observation is greater than two, the values of cdL ,

R are computed through an optimization procedure that minimizes the

difference between the observed and computed concentration values. The

recursive formulae are

/¢ a ( k) (k}
(12) CO ' 

(13) ( i) t

,tk)
where CO and ~ are solution of the algebric system

o ) ) J- f (k) iKA i ban P( ) i ;K=

(14)) ) 

os, - (* -' , P , j,/-0
(15) a - Q

(16) .; a._

OR,
(Ic) (ob) (Com j

(17) Q , (Cj (.

c18) *c _ ( ,, )'¥~(1 ~8) 21
2i.

The accuracy of the transport parameters determined by means of the above

methods depends upon both the accuracy of the finite difference solution

(or any other solution) of the transport equations and the accuracy of the

measurements of the concentration values. The whole procedures can be

repeated until a satisfactory agreement between the experimental data and

theoretical solution is achieved.
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3. Experimental technique

The two-well pulse method has been adopted to perform tracer tests, [6],

[25],[26],[30],[36],[40].

Rhodamine and INa are routenely used as tracers in order to avoid chemical

reactions with both the solid matrix and water.

To minimize the disturbances due to the

out the stratification of the solid

shown in Figs. 1-2 have been developed,

How it can be seen the samplers have no

drawing of the samples and to point

matrix, if existing, the new device

[15].

outside mobile parts.

t 4)f 3)

1)

2)

i
Pa Pa

Fig. 1. Scheme and working principle of the sampler.

In the left section of the figure (filling phase) the outlet

valve (1) is closed and the inlet valve (2) is open; due to

suction in the air duct (3) the membrane (m) is shifted and

the internal pressure (Pi) becomes lesser than the external

one (Pa): water can enter the chamber.

In the right section (emptying phase) an increase in air

pressure through (4) shifts the membrane (m) to the other

side, with an internal pressure (Pi) greater than (Pa),

which forces the inlet valve (1) to close and the outlet

valve (2) to open, pushing the water sample upward through

(5).
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L- -I, Fig. 2. Application scheme:

1- air compressor

2- three ways solenoid valve

3- air discharge

4- timer

_^ l ^O t ) t5- sampler

-- <;...}V .> ~6- samples

4. Application to the Nardo Aquifer

The aquifer is located on the Ionian side of the Apulian coast stretching

from Gallipoli towards Taranto, Fig. 3. Its area is of 600 km2.

The aquifer itself floats on a body of continent - invading seawater. Its

thickness gradually tends to zero close to the coast line where, due to the

permeability of the out-cropping rocks, a free seaward outflow of

groundwater is naturally allowed. The sea level can be thus be considered

as the aquifer reference level.

Previous studies on the behaviour of the diffusion zone between the aquifer

and the underlying seawater provided data wich allowed to determine the

geometrical pattern of the lowest part of the aquifer. The area chosen for

the modellization contains several wells where a few hydrological tests,

including pumping ones, were carried out.

Several previous investigations, [13],[23],[33],[34], allows to clearly

distinguish 25 sub-regions characterized by different values of
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Fig. 3. Outline map of investigated area.

transmissivity and porosity covering the ranges

-3
(19) ^ AD ^ 10

(20) < j 

As the dispersivity is concerned only one sub-region has been analyzed up

today. A tracer test experiment was performed in the autumn 1982 in the

conditions of natural groundwater flow.

The distance between the injection and observation wells, both of them.57 m

deep and filled of water up to the height of 15 m, was 11.72 m; the

diameters were 0.106 m and 0.287 m respectively; 100 g of INa were used as

tracer, corresponding to the initial concentration of I equal to 566 mg/1.

The Darcy velocity, V, has been evaluated by inspecting the curve obtained

plotting the tracer concentration in the injection well versus the time.

The effective (mean pore) velocity, VR, calculated from

(21) VR =

where R is the distance between the wells and t is the mean transit time of

plug between the wells.
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The application of the curve matching technique, based on the use of the

type curves generated by the analytical solution

(22) C(lXt)_-' 1' h (' -, t") 
2 .( , t^2 V- 4bt 

of the one-dimensional mathematical model for slug injection

(23) Y (-O -
(D QOX

2

r) ):.2

(24) b C= k V

(25) CC XoJ) : )( ) ^

(26) C ( co ) ) 5 

gave the value 2.3 m for aL , the results of the preliminary numerical

simulation showed a delay of about 3 hours for the appearance of the

maximum value of the tracer concentration at the observation point, Fig. 4.

0 4 8 12 16 20 24 t(h)

Fig. 4. Tracer concentration at the observation point:

analitical solution (eq. 22)

· experimental maximum
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This error encouraged to repeat the analysis of the experimental data with

the curve matching technique and using the numerical solution of the

equation [10]

(27) e '2c 

Act 
13~ 9 b Cje_ 

- 1 / .
p -

(28) <aex)=. 0 . .0 . Xe ; x c o

A z ,ou tt Cete

where ) , )o are the portions of the integration domain where the

injection and observation wells are located.

In this way the value of was estimated to be equal 2.001 m, Figs. 5-6

and this result was also confirmed by the analysis performed with the

GROWA-02 computer code both in 1D and 2D appoximation. For the transversal

dispersivity 0(T the value 0.1890 m was obtained.

0 8 12 16 20 24 t(h)

Fig. 5. Tracer concentration at the

numerical solution

experimental maximum

observation well:
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0 2 4 6 8 10 12 t(h)

Fig. 6. Tracer concentration at the injection well:

numerical solution

experimental data

30

km

20-

10-

0

10 20 30 400 km 5d

Fig. 7. Finite element mesh to calculate the velocity field.

© Wells in operation. Boundary conditions ABC (m).

192



4.1 Velocity field

The finite element mesh shown in Fig. 7 has been used to apply the IASO

computer program. It covers the whole surface of the Nardo' aquifer and

consists of 1201 elements whose surface area is equal to 0.6 Km2 .

The hydrogeological parameters are supposed to be constant on each element

and equal to 25 different values suitably selected in the range (19)-(20).

Fig. 8 shows the distribution of computed piezometric head in the case of

the natural condition flow. Figs. 9-10 refers to the results obtained when

the presence of several pumping wells is taken into account.

30 

km

20

.0·

0 10 20 30 40 km so

Fig. 8. Piezometric head (m); steady state solution for the

natural flow.

km \ 0

20m 

0 10 20 30 40 Km so

Fig. 9. Piezometric head (m); steady solution when the presence

of the 25 pumping wells is taken into account.
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30

km

20

I 0 ,W0

Fig. 10. Drawdawn (m).

fn

N
1000-- I ' 'I

=i500- * \> f * * * \ * * * * *

0 500 m m 5000

Pig.11. Piezometric head (m) distribution.Fig.11. Piezometric he~ad (in) distribution.
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In both this case the agreement with the experimental data seems to be

quite satisfactory because the maximum error is less than 15%.

In Fig. 11 the steady state piezometric head on a small sub-region around

the zone where the tracer test experiment was performed is shown.

It can be seen that this result agrees very well with the value of the

Darcy velocity obtained with the tracer test experiment.

4.2 Concentration distribution

In Figs. 12-14 isoconcentration curves at three different time instants are

shown as computed with IASO computer code, [55]; Fig. 15 shows the used

Finite Element grid. It covers only a small subregion on the Nardo' aquifer

around the zone where the tracer test experiment has been performed and

consists of 244 elements. The results agree very well with the value

previously described, which had been obtained applying the computer program

GROWA-02 but, for the sake of more exhaustive experimental data, the

extrapolation outside the very small zone between the observation and

injection wells must be considered arbitrary.

5. Work in progress

According to the work program, attention is presently devoted to study the

effects of the flowrate and the distance between the injection and

observation wells, on dispersivity.

Some preliminary pumping test have shown that:

-the main transit time tracer has the same value, about 4 hours, for

pumping rates belonging to the range

(29) 26 mR a c 4 

-a strong stratification of the tracer concentration appears in the

injection well

It is interesting to observe that a similar stratification pattern also

appears, both in the injection and observation wells, in the case of

natural flow when no artificial mixing is produced in the injection well.

This is made in order to approach, as much as possible, the theoric slug

injection.
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Fig.12. Isoconcentration lines; t=100 d. Fig-13. Isoconcentration lines; t=300 d.
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Fig.16. Physical model lay out.

These results are certainly due to the karstic nature of the aquifer so

that the physical model shown in Fig. 16 has been built up to study theo

peculiarities of this configuration and to compare them with the in situ

measurements.

The solid matrix consists of bricks suitably arranged inside a container,

to reproduce in the most effective way the thickness of the aquifer

fissures.

The geometric characteristics of this model have been fixed on the basis of

the results of a previous research on the water flow in a fractured medium

[4].
Particular care will be devoted to verify the applicability of the

hydrodispersive scheme, [17],[24],i.e.

- the existence of a characteristic value of the distance between the

injection and observation wells beyond of which no further increase of

the dispersivities is observed.

- the existence of a characteristics value of the distance between wells

where the results fit exactly with the theoretical behaviour of a

monolayer acquifer.
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6. Conclusion

The two-well pulse technique and the hydrodispersive scheme have been

applied to the analyze the Nardo' aquifer. In spite of the fact that quite

satisfactory results have been obtained in the conditions of natural flow,

some recent pumping tests suggest to perform a more severe analysis to

understand the effective characteristics of the transport mechanisms.
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USE OF LINEAR COMPARTMENTAL SIMULATION APPROACH
FOR QUANTITATIVE INTERPRETATION OF ISOTOPE DATA
UNDER TIME VARIANT FLOW CONDITIONS

Y. YURTSEVER, B.R. PAYNE, M. GOMEZ MARTOS
Division of Research and Laboratories,
International Atomic Energy Agency,
Vienna

Abstract

The use of environmental tritium for the quantitative evaluation of the

hydrodynamic parameters of a hydrological system requires development of a

mathematical model to describe the tracer input/output relationship. The

paper describes the use of a multi-compartmental mixing model approach for

time-variant flow conditions as a tool for quantitative evaluation of

environmental isotope data. The approach enables simulation of both the flow

and tracer distribution through the system to provide estimates of parameters

related to flow dynamics.

The environmental tritium data collected in the Yesildere river basin are

used for the development of such a time variant multicompartmental mixing

model as an illustration of the approach. The results obtained from model

simulation studies for this river basin are presented.

I Introduction

Proper interpretation and quantitative evaluation of the tracer data

obtained in a given hydrological system requires formulation of a mathematical

model which will adequately represent the functional relationship between the

known tracer input and the observed tracer output.

In the case of small scale tracing experiments with artificial isotopes

such a model could be the solution of a macroscopic-dispersion-equation for

proper initial and boundary conditions. However, for large (regional) scale

investigations with environmental isotopes, the mixing processes occurring

during the transport of water and the tracer are usually too complex for a

full mathematical formulation. Furthermore, the field data required for such

mathematical treatment is usually not available in sufficient detail to

justify the use of full mathematical formulations.
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Use of interconnected volume compartments as a means to study the mixing

occurring during the flow through a hydrologic system has already been

discussed in detail by various authors and examples of applications of such a

simulation approach for quantitative interpretation of environmental isotope

data have already been reported in the literature (1,2,3). The basic

formalism in this approach is to represent a hydrologic system by a network of

interconnected compartmental volume elements so that flow and transport of

tracer through the system can be calculated on a discrete time basis by simple

considerations of material balance. The use of such an approach so far was

mainly concerned with simulation of mixing processes during the flow through

the hydrologic system so as to enable the study of tracer distribution within

and as well at the outflow of the system. The hydraulic continuity of the

system in this case is achieved by assuming that any inflow to the system

displaces an equal amount of water as the outflow from the system in a given

time interval. While such an approach can be considered to be a conceptual

mathematical model for studying the mixing process during the flow, the

assumption used as regards the hydraulic response of storage elements provides

a rather poor representation of the actual response of natural hydrologic

systems, and particularly of groundwater systems.

An alternative approach in the formulation of interconnected compartmental

model in this respect has been proposed by Yurtsever and Payne (4) where each

of the compartments in the network is assumed to be a "Linear Storage

Element", for which a linear relationship is assumed between the discharge and

volume. For a given inflow to such a linear storage element, the outflow is

computed by volume routing on a discrete time basis. The interconnected

linear storage elements, therefore, are considered to represent an actual

hydrologic system to enable simulation of both the flow characteristics

through the system and also the mixing processes governing the tracer

distribution within and at the outflow of the system.

The basic mathematical equations for such a simulation model consisting

of interconnected linear storage elements are provided and the results

obtained for snowmelt runoff process in Yesildere Basin (in Turkey) from such

a simulation model with the aid of environmental tritium are presented as an

illustration of the approach.
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II Interconnected Linear Storage Elements as a Simulation Model:

Basic Equations

The approach used is a linear one, where the functional relationship

between the discharge and volume of a storage compartment is assumed to be of

the following form at all times:

V = K x Q (1)

The coefficient K in Equation-1 is a constant, which has the dimension of

time. It is generally referred to as "Storage Coefficient" and for a steady

state case it is equivalent to "Mean Turnover Time" or "Mean Transit Time".

The behaviour of most storage units associated with natural hydrological

systems, and particularly with groundwater systems, can be satisfactorily

represented by either such a single storage element or a combination of them.

The generally observed exponential recession of groundwater outflows (say into

a river or outflows from a spring) would justify the use of such a linear

functional relationship for groundwater systems. The equations describing the

response of such a linear storage element to uniform recharge have already

been discussed by Yurtsever and Payne (4). The approach has been proposed by

Dooge (5) for estimating the recharge to groundwater and mathematical

development of equations have been discussed in detail. The final routing

equation which enables the computation of outflow-volume from such a linear

storage element for a given inflow volume on discrete time interval having a

duration of "T" is:

Qn = Ho R+ + R + M2 Qn- (2)n o n 1 n-1 2 n-1

where: Q = Volume of outflow during n interval
n th

R = Volume of recharge during n interval
n

R = Volume of recharge during previous interval (n-l)
n-l

Q1 = Volume of outflow during previous interval (n-l)

and M MH1 and M2 are the coefficients given by:

M = 1 - (K / T) [(1 - e K)
0

= (K T) - e e

M = (K / T) 1 - e e

M2 = e
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Equation-2 above enables computation of discharge volumes from a linear

storage element for given time-variant inflow volumes on a discrete time basis

and provides the basis for simulation of flow through a storage element for

non-steady state inflow. It should be noted that the routing coefficients

have the following property:

M + M + M2 = 1 (3)

For a steady state flow condition, for example, Equation-2 will result in

Qn = R = Qn- = Rn_ 1 for all values of n. Thus, Equation-2 can be

used for simulation of flow both for steady state and time-variant flow. It

can be easily shown that the outflow from such a storage element after

cessation of inflow will have an exponential recession characteristic.

The tracer input-output relationship for such a linear storage element can

easily be developed from simple material balance consideration at each

discrete time interval. If the inflow volume with its known tracer

concentration is assumed to mix uniformly with the volume of water available

in the storage, the tracer concentration in the storage element and of the

outflow at the end of the time interval can accordingly be computed from:

Vn_1 x CVn,_ + Rn x CRn
CQ = CV = (4)

Q"n = Cnn V + Qn

The above equation assumes that mixing of inflow with the volume in the

storage occurs prior to discharge in a given time interval.

Therefore, given the recharge volume with its corresponding tracer

concentration, the discharge volume and tracer output concentration from a

given linear storage element can be calculated from the following three

equations for discrete time intervals:

Qn o Rn + 1 Rn- + 2 n- (5)

V = V +R -Q (6)
n n-1 Rn Qn (6)

V 1 x CVnl + Rn x CRn 
CV = CQn = VQ------ x e -V T (7)

Vn + Qn
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The last term in Equation-7 is the decay correction factor for a

radioactive tracer.

Equations 5 to 7 are of a recursive nature and the values computed for

each time interval are taken as initial values for the next time interval.

Therefore, a given hydrologic system can be represented by an interconnected

network of compartments each of which is a linear storage element. The use of

the above recursive equations enables simulation of both the flow and tracer

distribution within the system and at its outflow on a discrete time basis.

The selection of the configuration of interconnected compartments should be

based on known physical features of the system under investigation. Thus, the

approach may be considered to be a quasi-physical simulation model, and if

data on spatial variations of tracer output concentrations and/or tracer input

concentrations are available, it can be used also as a distributed parameter

simulation model to provide a realistic interpretation of observed tracer

data. The verification of the model requires that both the observed outflows

and tracer output concentrations are simulated with an acceptable degree of

approximation, by varying the values of the fitting parameters. Estimations

can then be made of the dynamic parameters of the system.

III. Example of application: Compartmental simulation model based on

environmental tritium data to study components of snow-melt runoff

in Yesildere Basin (Turkey)

III.1 Study area and data collected

An applied research has been carried out in catchment basins located in

eastern Turkey (see Fig.l) to assess the potential use of environmental
18

isotopes ( 0, D and T) to study the snowmelt runoff process and to

investigate component flow contributions to the total runoff. The research

project entitled "Isotope Techniques in Catchment Behaviour Studies with

particular Emphasis on Snow-melt Runoff investigations" was financially

supported by the IAEA and carried out during the period of 1978 to 1981 in

catchment areas where a substantial part of total flow is provided by

snow-melt. Environmental isotope data collected throughout the investigations

from periodic sampling of snow cover and river water in selected catchment

basins and detailed quantitative evaluation as regards the temporal variation

of component flows involved in the snow-melt runoff process based on isotope

data have already been reported by Yurtsever [61.
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The environmental tritium data collected within the framework of this

research project in one of the catchment areas (Yesildere basin) during

snow-melt period of 1980 is used in this paper as an example to illustrate the

compartmental simulation model approach for quantitative evaluation of the

relevant dynamic parameters of a hydrological system under time-variant flow

conditions.

2

Yesi.ldere basin has a drainage area of 44 km which is a creek draining

into Karasu river, one of tjhe main tributaries of the Euphrates river (eastern

Turkey). The substantial part of the flow in the creek is due to the snowmelt

during the period of April to July. The drainage area of the basin has an

average altitude of 2100 m (above sea level) and the discharge of the river is

continiously monitored at a stream gauging station No. 2168 (at an elevation

of 1910 m). There is also a snowcourse within the basin, along which

snow-depth and snow water equivalent measurements are carried out regularly

during winter months. Periodic sampling were made from river water (at SGS

No. 2168) and from the snow course in the basin for isotopic analyses. Each

field measurement of snow characteristics were made at least at 10 pointsfield measurement of snow characteristics were made at least at 10 points
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along the snow course and an average of them is reported. Similarly, sample

collected for isotopic analyses from the snow course is a composite sample

from snow-cores at each point along the snow course. Thus, such a composite

sample from the snow course reflects a weighted sample taking into account the

snow water equivalent at each point. An individual river discharge

measurement was always made at the time of river water sample collection for

isotopic analyses. The daily discharge data for the basin throughout the year

are obtained by the use of continious river-stage records at the SGS No. 2168,

where the sampling is done for isotopic analyses.

III.2 Results of isotopic analysis

The time variations of tritium content of river on monthly basis (at SGS

No. 2168) throughout the whole investigation period of 1978 to 1981 is shown

on Figure 2a. Similarly, the time variations of river discharge at sampling

point (SGS No. 2168) is also shown on Figure 2b for the entire period of

investigation. The values plotted on Fig. 2b are instantaneous discharge

values at the time of sampling as obtained from individual river discharge

measurements. While detailed tritium data through more frequent sampling

100
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Fig. 2a. Temporal variation of Tritium content of the river
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Fig. 2b. Discharge variation in the river
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during the snowmelt period of 1980 is available and these data is used for

calibration of compartmental simulation model, Figure 2a is for the purpose of

illustrating the longer term temporal variations. The tritium content of the

river shows substantial variations within a range of 30 to 90 TU and higher

tritium values are generally associated with the higher flow rates during the

snowmelt period. Thus, the use is made of the tritium data to study the

dynamics of snowmelt runoff process in the basin through compartmental

simulation model approach. For this purpose the detailed tritium data

available from more frequent sampling carried out during snowmelt period of

1980 (March to July) is used to calibrate a compartmental simulation model

under time variant flow conditions which enabled quantitative estimates of

dynamic parameters of the component flows involved in the total flow of the

basin resulting essentially from snowmelt. The data available on tritium

content of river (at SGS No. 2168) for 1980 is listed in Table-1. The results

of tritium analyses performed on snow samples from the snow course in the

basin and from snow courses at adjacent basins during the winter months of

1980 are also given in Table-2. The tritium measurements on river water and

snow samples were undertaken at the Isotope Hydrology Laboratory of the IAEA

in Vienna.
TABLE-1

Tritium Data of Yesildere River for 1980
(Samples Collected at SGS No.2168)

Sampling River Tritium
Date Discharge Concentration

(m3/sec) (T.U.)

18. 0.31i 45.4+/-4.8
2.5 1. 30 70.7+/-5. 1
8.5 1.47 60.7+/-5.0
14.5 3.76 58.5+/-4.9
17.5 . 17 62.6+/-5.0
21.5 5.60 52.3+/-4.8
25.5 .7'3.13 64.5+/-5.C

7.6 1.21 69.2+/- .0
10.6 0.98 68.1+/-5.0
16.6 0.79 79.0+/-5.2
22.6 0.51 75.8+/-5.1
25.6 0.92 65.8+/-5.0 
10.7 0.56 80.0+/-4.0
21.7 0.31 67.8+/-3.8

TABLE-2

Tritium Data for Snow-Cover prior to Melting Period -1980

Snow Elevation Sampling Depth of Tritium
Course Snow Course Date Snow Concentration

(m.-asl) (cm) (T.U.)
=======-a-===e -======= = _

Yesildere 1950 1.2 39.1 23.2+/-1.0
Yesildere 1950 1.3 50.0 28.8+/-1.0

Palandoklen 2100 1.2 33.7 30.2+/-1.0
Palandoken 2100 1.3 34.9 27.3+/-1.0

Kop Dagi 2400 1.2 5-.9 23.4+/-1.0
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The river discharge hydrograph observed at Stream Gauging Station No. 2168

and daily mean air temperature variations in the basin throughout the melting

period of 1980 (March to July) are shown in Figure 3, which illustrates the

total runoff in the basin is substantially produced by snowmelt due to

increase in temperature during the period of March to May. The daily snowmelt

amounts estimated from daily mean-air temperature data and other relevant

hydrometeorological data of the basin [6] together with observed variations in

the tritium content and the hydrograph of the river is shown on Figure 4.

Complete data on estimated daily snowmelt amounts [61 and mean daily discharge

of the river throughout the melting period of 1980 (March to July) are listed

in Table-3. These data are used to study the input-output relationship for

the snowmelt runoff process of Yesildere basin, through compartmental

simulation model approach where the available tritium results and observed

discharge hydrographs are used for the calibration of the simulation model.
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TABLE-3

Cl-ul atedr. Daily Snot,melt Ainmounts and Observed

Daily Dis cliarge Data for March-July (1980)

r i 2 rMonths Days Daily Observed
Incr-. Snowmel t Discharge

(amm) (mm)

1 Mar-ch 1 0. 672

2 2 0. 672
3 - 3 0.672
4 4 90.672
5 5 0.672

6 0. 672
7 7 0.672

8 8 O. 672
9 9 0.672

1i0 10 0.672

11 11 0.672

12 12 0. 672
1-3 13 0.672
14 14 0.672
15 15 0.672
16 16 0.672
17 17 0.672
18 18 6.5 0. 672
1° 19 0. 672
206 2 :0 0.7 852
21 21 0.852
2'2 ' 22 0.852
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TABLE-3 CONTINUED

Time Months Days Daily Observed
Incr. Snowmelt Discharge

(mm) (rm)
,,-------, -- ----… ------- =-= -= -----

Time Months Days Daily Observed
Incr. Snowmelt Discharge

(mm) (mm)
---- I 1PPPPI ~ nP==~=IP~I

23
24
25

26
27
28
29
30
31

32

34
35
36
37
.38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

53

54
55

56
57
58
59
60

61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

23
24
25
26
27
28
29
30
31

April 1
2
3
4
5
6
7
8
9

10
11
12
15
14
15
16
17
18
19
20
21

22
23
24
25

26
27
2B
29
30

May 1
2
3

4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

0.943
0.943

2.4 1.060
1.3 1.060

1.060
1.5 1.060
1.7 1.414

1.414
3.3 1.532
1.8 1.814
1.8 1.956
5.2 2.239
5.2 2.396
3.3 2.729
4.2 3.044
6.2 3.633
5.8 4.025
7.8 3.436
8.1 5.302
4.5 5.852
1.1 5.302
4.1 4.791
2.3 4.791

4.536
3.633
3.436
3.044
3.240

3.5 3.044
4.1 3.044
5.0 3. 044
5.5 3.044
6.7 3.044
5.8 3.044

3.436
1.2 3.633
1.9 2.729
2.5 2.553
2.5 2.396
1.7 2.506
5.3 2.663
9.8 2.506
3.0 2.663
5.3 2.676
71.2 2.839
6.8 2.824
5.0 2.981
6.1 3.138
5.5 3.967
8.5 4.454
7.8 6.077
9.8 8.041

12.8 7.707
7.0 7.927
5.7 7.652

10.0 7.652
11.8 7.970
11.4 7.379
11.3 7.379
10.2 7.104
8.3 6.810
8.8 6.810
6.2 6.788

6.492

87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

26
27
28
29
30
31

June 1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

July 1
2'
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

6.196
5.645
5.351
4.844
4.179
3.766
3.216
3.020
3.020
3.020
3.002
2.898
2.584
2.427
2.584
2.158
2. 158
2.158
1.752
1.752
1.918
1.789
1.918
2.048
2.048
1.718
1.367
1 .263
1.367
1.679
2.067
1.471
1. 367
1.367
1.367
1.367
I- 367
1.367
1.347
1.327
1.327
1.327
1.327
1.153
1.135
1.257
1.361
1.361
1.135
1.135
1.135
1.135
1.135
1.135
1.031
1.031
1.031
1.031
0.954
0.954
0.954
0.954
0.954
0.954
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1I.3 Model formulation and simulation results

The observed variations in tritium content of river flows during melting

period of 1980 is in the range of 45.4 TU (18 March 1980) and 80.0 TU (10 July

1980). The tritium content of the minimum flow (see Table 1 and Figure 4)

prior to snowmelt period (45.4 TU at 18 March 1980 for Q = 0.31 m 3/sec)

defines the tritium content of the baseflow in the basin. The tritium content

of snow cover in the basin is 28.8 TU in March 1980, which is the time of

maximum snow accumulation (with a snow depth of 50 cm). It is most

interesting to note, however, that the river water during snowmelt period have

much higher tritium content than that of snow cover and that of baseflow. If

the total flow in the river is visualized as being the result of simple mixing

of baseflow component with snowmelt runoff, the expected tritium content of

river flow would need to be within the range of respective tritium content

observed in baseflow and snowcover, Irrespective of proportion of contribution

from either of the mixing components. That is to say, variations of tritium

values of river flow would be expected to vary between 28.8 TU (snow) and 45.4

TU (baseflow). However, the observed tritium content of river flow during

snowmelt process increases up to a value of 80.0 TU (see Fig. 4, Table 1).

Thus, it is obvious that the snowmelt runoff in the basin should somehow

involve a process where an additional component flow should exist with

relatively higher tritium content. The only physically feasible explanation

for these higher tritium values observed is that the unsaturated zone in the

basin should have stored moisture as a result of infiltration from earlier

years' input with higher tritium values, which are then later being

incorporated into the whole flow process obviously due to infiltration and

subsequent percolation occurring during the snowmelt such as observed in the

snowmelt period of 1980. The tritium data for precipitation is being

regularly monitored at the meteorological station in Ankara, which is one of

the IAEA/WMO global Network stations [7,81. The annual mean values of the

tritium content of precipitation as observed in Ankara, weighted by monthly

precipitation distribution observed in Yesildere catchment basin and decay

corrected to 1980, are listed below:

Annual weighted mean tritium concentration of precipitation for

Yesildere Catchment Basin

Years Tritium Content Years Tritium Content

(TU) (TU)

1975 95 1978 81

1976 73 1979 44

1977 89 1980 43
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As can be seen from the above listed values, the tritium content of

precipitation during 1979 and 1980 are rather low (44 and 43 TU) as also

confirmed by the actual tritium measurements of snow cover in the study area.

The only possible source of higher tritium content, which should be

contributing to snowmelt runoff in the basin, could be the recharge occurred

possibly during 1975, which should have been stored in the unsaturated zone

presumably in rather stratified manner, and being discharged during 1980 with

a delay of about 5 years due to infiltration occurring from snowmelt in

subsequent years. The layout of the compartmental model to be used for

snowmelt runoff simulation in Yesildere basin was, accordingly, assumed to

incorporate the following three basic component flows:

1. Baseflow component: provided by deep groundwater storage, with a

tritium content of 45.4 TU prior to snowmelt period of 1980.

2. Active storage component: contributing to total flow during snowmelt

and increased discharge from this component results from infiltration

occurring from snowmelt. A part of the snowmelt should infiltrate to

the unsaturated zone which should subsequently provide input to the

active storage.

3. Direct surface runoff: from snowmelt.

The layout of the compartmental model and the parameters involved and

their assumed initial values are shown on Figure 5. The compartment No. 8 in

Figure 5 represents the river channel where all the contributing component

flows are mixed to produce the total flow of the river. The uppermost

compartment is assigned a threshold value so that a recharge (from snowmelt)

amount higher than the threshold value will cause direct surface runoff to

occur. The unsaturated zone is represented by 5 compartments in series each

with an initial concentration equal to those of annual weighted mean tritium

values of precipitation in the same order as listed above as to represent the

expected stratification of the yearly input in the unsaturated zone. The

storage coefficients of each of the compartments are assigned small values as

to produce rather rapid input to the active storage compartment (6) as

depicted from the observed hydrograph. It should be emphasized that the

approach discussed above does not really aim at development of a rainfall

runoff model for the catchment area, but it is a tracer simulation model which

incorporates the main features of the most likely component flow processes as
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Fig. 5. General Layout of the Assumed Comparcmental Model
and its fitting parameters

a means to study and interpret the tracer input and output relationship. The

compartmental model so adapted for the basin has been calibrated by using the

available tritium data, and simulation runs were performed on daily time

intervals, using daily data throughout the melting period of 1980 (March to

July). The tritium input concentration to the system is assumed to be 28.8 TU

throughout the melting period, which is the measured tritium content of snow

in March 1980.

The recharge input from snowmelt, the outflows from the model and the

system parameters related to size of volumes associated with different

component flows are all expressed in units of "mm of depth over the catchment

area". The fitting parameters shown on Figure 5 are varied until the best fit

to both observed tritium content and observed flow rates are obtained. The
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criteria used for fitting is the "least-squared-difference" between the model

calculated and observed values. The computations were carried out on an

IBM-PC-AT computer and 150 iterations were made within each time increment to

improve the computational accuracy. The final adopted best fitting parameters

of the compartmental simulation model are shown on Fig. 6. The calculated and

observed values for tritium content of the river and fot daily flow rates of

the river are shown on Figures 7 and 8, respectively. The

standard-error-of-fit for tritium output concentration curve is 6.28 TU and

the value for daily flow rates is 0.85 mm. The analytical error involved in

tritium measurements are generally about 5 TU (see Table 1). Thus,

considering the analytical error involved in tritium data given for river

water analyses, the standard error of fit value of 6.28 TU should be

considered quite acceptable.
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Fig. 8. Observed and Model calculated hydrograph of the river

The results of the simulation model developed for Yesildere basin indicate

that the substantial part of the total flow in the river during snowmelt

period is provided through active storage groundwater flow component, while

the direct surface runoff component is comparatively small. The total

discharge of the river during the period of March-July 1985 corresponds to

351.4 mm depth of run-off, of which 196.70 mm is provided from groundwater

outflows from active storage (Compartment No. 6), 78.46 mm is provided from

direct surface runoff component and the remaining 76.26 mm is provided from

baseflow component (Compartment No. 7). It is noteworthy, therefore, that the

groundwater component seems to play a major role in snowmelt runoff process in

this particular basin, where 78 % of the total runoff in the river originates

from groundwater components (active storage component and baseflow). The time

distribution of component groundwater contributions to total runoff is shown

on Fig. 9, which provides an overall insight into the flow dynamics involved

in the snowmelt runoff process observed during melting period of 1980 in

Yesildere basin.

The simulation model also provides quantitative estimates of groundwater

storage amounts involved in the overall flow dynamics and also the temporal

variations of these storage volumes. In this regard, the results of the

calibrated model indicates that the total storage in the unsaturated zone is
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Fig. 9. Time distribution of component flows as provided by the compartmental Model

800 mm and the volume of deep groundwater providing baseflow to the river is

140 mm (which in this case should be considered to be the minimum storage).

The calibrated compartmental model can be used as a means to derive the

transit time distribution curves for each component flow and for the system as

a whole, which is a very valuable information for any hydrological system

under study.

IV. Conclusive Remarks

The compartmental simulation model approach discussed in the paper offers

a practical tool for studying tracer input-output relationships in

hydrological applications to enable quantitative evaluation of isotope data.

Its use is probably more suitable for environmental isotope data collected in

large scale (regional) hydrological investigations, where a lack of detailed

knowledge of the spatial variations of physical and hydrogeological parameters

does not warrant more detailed mathematical treatment for studying the tracer

evolution within the system. In this context, the approach can be considered

to be a quasi-physical simulation model.
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The approach has the advantage of incorporating the known general physical

features of the hydrological system as compared to lumped-parameter

(black-box) models and it can also be used for time-variant flow conditions.

Since model verification requires satisfactory simulation of both the

observed flow and tracer-output, the approach would provide a more realistic

estimation of the dynamic parameters of the hydrological system under

investigation, as compared to formulation based on steady-state flow

conditions. For cases where data on spatial variations of either tracer

output or tracer-input are available, it can also be used as a distributed

parameter simulation model. It should be noted, however, that the number of

fitting parameters should be kept to a minimum in the formulation of the

network of compartments in order to achieve realistic model verification. The

results obtained from flow and tritium data available in the Yesildere basin

illustrate that the approach can satisfactorily be used for quantitative

evaluations of tracer data for time-variant flow conditions.
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CONCLUSIONS AND SUMMARY OF CRITICAL REVIEW

The Advisory Group Meeting brought together several experienced

practitioners and developers of mathematical models of tracer use in

groundwater hydrology, as well as some more recent contributors to this

subject. The Meeting provided an opportunity and forum for in depth

discussions of various methodologies on mathematical models formulations for

quantitative interpretations and evaluations of tracer data in groundwater

systems and also for critical appraisal of the limitations and data

requirements for different possible approaches.

General conclusions and recommendations of the Meeting can be summarized

as follows:

1. Mathematical modelling methods have reached to a certain stage of

maturity in the description and interpretation of tracer transport processes

on a local and regional scale groundwater systems. They contribute also to

the subject of solute transport which includes physico-chemical interactions.

2. Subject matter of mathematical modelling is in a stage of active

expansion of these methods from the simpler to the more complex cases and it

is also in a process of improving the understanding of the conditions for

their practically useful applications.

3. While there are different modelling approaches and techniques in use,

there is a need for development of better mutual understanding between the

users and/or developers of these methods in order to achieve the most

effective use of the existing potential in this field.

4. There is a distinct need for a better basic knowledge of the general

theory and practice of modelling with emphasis on environmental models, and

also for a better and common definition of tracer concepts.

The meeting enabled the comparisons to be made of different approaches to

tracer modelling in a much more effective way than through the existing means

of publications and technical conferences. Its outcome has proved most useful

for a clearer understanding of the relative advantages of different approaches

and their applicability to different situations, primarily to different types
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of hydrogeological media and to different available initial knowledge about

the structures and physico-chemical mechanisms involved. However, there seems

to be the indication that a selection of one approach over another is rather

due to personal preference factor probably resulting from lack of familiarity

with all the possible alternative approaches. It was also noted that there is

still some lack of accepted common definitions.

The conclusions arrived in the Meeting reflect to some extent upon this

diversity of approach. While the discussions and deliberations of the Meeting

succeeded in improving the overall understanding of the relative advantages of

different modelling approaches, they have not completely removed the personal

preferences.

The conclusions are not as specific as desired due to objective and

subjective factors mentioned previously. However, there was a general

agreement that the Meeting brought all of the participants a significant step

closer to the achievement of the objectives and, there is no doubt that the

publication will prove most useful to give an impetus to all practitioners and

model developers for continuing improvement.

The meeting noting that use of different approaches and methodologies are

very much governed by various factors such as the size and scale of tracer

experiments, the type of aquifer systems considered, the extend and

availability of basic data related to hydrological, geological and

hydrogeological parameters, etc., the overall subject matter of the

mathematical models and approaches for quantitative interpretation of tracer

data had been subjected to general critical review and discussions. Ad-hoc

sub-grouops for each of the following four selected topics were assigned to

the task of critical review and appraisal:

I - General Modelling Considerations (A. Nir. K.L. Kipp, P. Goblet)

II - Models for Tracer Transport in Porous Media (A. Zuber, R.G. Thomas)

II - Models for Fissured Media (I. Neretnieks, M. Wolf)

IV - Large Scale Modelling (C. Sonntag, M.A. Geyh, S. Troisi,

L. Castellano)

It was agreed in the Meeting that the results of critical reviews

formulated by each sub-group, which already include some impact of the

criticisms in the Meeting, as described in the earlier paragraphs, should be
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incorporated into the publication resulting from the Meeting, so that any

questions and comments can be directed to the authoritative source.

SUMMARY OF CRITICAL REVIEWS

1) General Modelling Considerations

a) System Analysis Theory

System analysis theory is based upon the analysis of linear systems.

Fortunately, tracer transport and porous medium interaction mechanisms are

effectively linear due to the small concentrations involved.

System analysis theory provides a method that can be used to formalize

input/output relationships for tracer experiments. Transit times and age

distributions can be derived. This type of analysis is not bound to the

assumption of physical mechanisms governing the tracer behaviour in the

groundwater flow system. Transfer function models are useful for

characterizing tracer movement through systems with high spatial variability

of porous medium properties.

The following criticism, while realizing the continuing advances made in

incorporating tracers in water and solute transport models, points out the

most common dificiences found in their application.

A weakness of system theory is in the area of transient flow. Simple

examples have been used to demonstrate the non-steady stat system theory, but

more solvable cases that can further demonstrate practical applications to

transient flow are needed. Then, the benefits to be gained frm non-steady

state theory will be more widely accepted.

Another weakness shared with analytical models is the difficulty in its

extension to distributed parameter systems. Numerical finite difference and

finite element models are more suitable for these problems.

While the system approach is not explicitly related to the specific

transport mechanism of water or solute, the use of tracers may assist in

obtaining insight and assist in identification of these mechanisms. It
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provides a framework that can be of immediate use for the description and

prediction of transport phenomena. while allowing for the systematic addition

of more detailed mechanisms of interactions when these become available.

b) Deterministic modelling

Since system analysis theory gives only partial insight into the physical

mechanism that may be influencing tracer transport, a deterministic modelling

approach is more appropriate, when such a model is needed and when some prior

information on its structure and parameter values is available.

The present state of application of deterministic modelling to tracer

experiment analysis has concentrated on lumped and one-dimensional models

while the more recent solute and water transport models deal with distributed

and 2-3 dimensional systems.

There appears to be a lack of awareness on the part of many modellers of

an organized theory and procedures associated with system modelling in

general. This includes the intimate interaction between the stages of data

gathering, analysis and model development, the progression from the elementary

to the sophisticated levels of modelling as the investigation warrants, the

verification of model calculation algorithms and computer codes, and, finally,

the validation of specific model applications.

A good fit of a mathematical model is a necessary condition, but not a

sufficient one for considering the model to be valid. In terms of the system

analysis theory it means that the parameter verification is not sufficient for

the model validation. Model verification means sufficient testing to insure

that a given algorithm and computer code are solving the model equations

correctly. Model validation means that the model represents the physical

system adequately. This is done by comparison with response data from the

real system that was not used to determine parameter values. Examples of

model verification appear in the INTRACOIN Project for level 1. Higher levels

of the INTRACOIN Project deal with model validation. For many models, the

state of validation is unknown when their system response predictions are

presented.

In the area of model parameter determination, there are several areas for

future work. There are improved parameter search techniques that need to be

evaluated. There is the problem of non-uniqueness of the values determined.
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Theory needs to be developed to show that a parameter set is the best that can

be determined from the available data. Empirical methods like alternate

starting points for the search procedure and parameter recapture for several

sets of assumed parameter values give the user confidence in the parameter

determination algorithm but do not give proof that the optimum parameter set

has been found.

Errors in the data limit the accuracy of parameter determination. These

need to be quantified by uncertainty estimates for the parameters. Up to now

only methods applicable to systems that are linear or nearly linear in their

parameters have been available. Further work is needed here.

c) Stochastic Modelling

The stochastic approach is proposed by several authors to allow a more

general formulation of mass transport. Several interesting features

contribute in making it a promising tool; such as generality, as it allows a

description of tracer movement in variable velocity fields without a priori

reference to the convection-dispersion model on the regional scale; as such it

can be used to test if and when the classical model might be valid for a given

degree of heterogeneity of the medium, thus addressing the scale effect

problem. Flexibility, as it can take into account various forms of

correlation functions for the velocity field, or, in certain formulations, for

the permeability field itself. The use of Monte Carlo simulation associated

with particle tracking methods in velocity fields of a known statistical

structure is a useful complement to analytical approaches which can become

very complex and even untracable for certain forms of the correlation

function. These methods are able to accommodate covariance functions for the

velocity or the permeability determined in situ and they allow therefore the

simulation of a real field, provided the measurements necessary to compute the

covariances are available. As a by-product, stochastic approaches give the

values of concentration with a confidence interval related to the variability

of the medium and are able to predict the influence of uncertainty in the

determination of the physical properties of the aquifer.

An essential limitation is the stationarity hypothesis, implying that

geological structures on the field scale are not taken into account. The

stochastic approach should not be considered a complete substitute for poor

knowledge of the geology of the medium, since the ergodicity hypothesis

implies that the statistical heterogeneity of the medium has been meaningfully

227



sampled by the tracer. A careful identification of major geological features

of the medium is therefore a prerequisite and the stochastic approach can only

be applied inside relatively homogeneous units.

These methods imply the collection of new data to an extent not completely

assessed up to now due to lack of actual applications; these data are

necessary to evaluate the covariance functions and will probably consist of

local small-scale measurements (vertical borehole flow meter, core

permeability, local velocity determined with point dilution, ...).

2) Models for Tracer Transport in Porous Media

The dispersion equation coupled with mass transfer equations, when

necessary, is the best available model for solving practical problems related

to the transport of solutes in porous media. The analytical and numerical

solutions to the dispersion equation have been successfully applied: (a) for

solving the inverse problems, i.e. for interpretation of artificial tracer

data; (b) for predictive purposes, i.e. for predicting the spread and time of

travel of pollutant; and (c) for a better understanding of the involved

phenomena.

The dispersion equation either in its common form, or coupled with the

diffusion equation into a porous matrix is also a practical model for densly

fractured rocks. Undoubtedly, further research on the development of models

for fractured media is required in order to obtain practical tools for

interpretation of tracer data, i.e. for obtaining the parameters of the system

from the tracer input and output data.

The applicability of the dispersion equation is justified by its success

in a general description of the dispersion effects. However, the equation

does not work properly in stratified or heterogeneous media which cannot be

treated as deterministic systems but as stochastic processes where details of

layering and other phenomena are unknown.

A better understanding of the mechanism of macrodispersion may be obtained

from stochastic models. They offer a powerful new tool for prediction

purposes when parameter statistical distributions are known rather than the

parameters themselves. So far stochastic models do not appear to be applied

to interpretation of tracer experiments. Further research is required in this

field.
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When interpreting experimental results it is important to remember that a

conservative tracer does not necessarily directly reflect the bulk movement of

water.

When designing tracer experiments it should be remembered that the

distribution of a conservative tracer often depends on the injection-detection

mode and also on the presence of stagnant water in the system. In the case of

nonconservative tracers other effects play also an important role.

3) Models for Tracer Transport in Fissured Media

It is still an open question at which scale sparsely fissured media (like

granites and gneisses) can start to be modelled as equivalent porous media.

Available data over intermediate distances indicate that the dispersivity

seems to increase with distance. This may be caused by channelling. As this

has a very large impact in extrapolating the tracer transport over large

distances, this matter warrants further study.

In porous fractured rocks the stagnant water in the rock matrix may

contribute considerably (orders of magnitude) to the retention volume

available to a tracer.

The impact of this mechanism must be considered in every individual case

and if it can not be neglected it is best accounted for by explicitly

incorporating it in the models. It seems not to be appropriate to try to

include the effects of matrix diffusion in the mechanism of hydrodynamic

dispersion. In field experiments, when solving the inverse problem with the

aid of a tracer experiment, sometimes there is no other choice and the

dispersion constant is represented by an apparent value which includes

phenomena unaccounted for directly by the model.

There are at present several groups which have developed fissure network

models to simulate water flowrate as well as tracer transport in fissured

rocks. At present the models are very simple using only two dimensional

networks but three dimensional models are being developed. The models require

either a full knowledge of the fissures and their properties or information of

the statistical distributions of the fissure properties. The use of these

models is at present severly limited by the lack of data.
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Field tests are under way in several countries. In low conductivity

fissured rock the experimental times involved when attempting to make tests

over large distances are prohibitive and naturally occurring tracers will have

to be used to validate the models.

4) Large Scale Modelling

Tracer modelling of large scale groundwater systems should be based on

hydrogeologic and geohydraulic working hypotheses on groundwater flow rates

through the shallow (unconfined) and the various deep (confined) aquifers and

on the hydraulic communication between the various groundwater bodies. For

this working hypothesis realistic ideas on the regional groundwater balance

have to be established by critical inspection of available hydrogeological

information:

- Studies of physical, geological and tectonic maps yield information on

the volume of the aquifer system and on the groundwater mass contained

in it, if suitable number for the aquifer porosities are assumed.

Moreover, recharge and discharge areas can be identified.

- Groundwater observations and pump test data yield information on the

groundwater and piezometric surface and on the hydraulic conductivity,

from which rough estimates of groundwater flow directions and flow

rates can be derived.

- The groundwater recharge to the various aquifer bodies can be estimated

through considerations of the soil moisture balance; these estimates

need climatological data (precipitation, temperature, humidity) as well

as information on the plant and soil cover of the recharge areas.

- In case recharge rates not being in contradiction to the hydraulic

estimates of groundwater flow, the subsurface water cycle has to be

closed by making sure, that there is indeed enough groundwater discharge

and/or subsurface outflow from the area considered to transport all the

groundwater being formed in the area by the aquifer system.
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These estimates of groundwater mass and flow define the time scales of

subsurface flow, which should be considered in planning tracer investigations:

In the case of large time scales exceeding common observation periods by

orders of magnitude studies on the spatial variation of environmental tracer

should be envisaged, which yield flashlight pictures of the tracer flow

through the groundwater system. For groundwater dating at various locations

suitable radioisotopes should be chosen, the dating range of which compare

with the expected subsurface residence times. In the other case of system's

time scales comparing with or being even less than common observation periods

(large scale karst systems for example) time records of tracer concentration

at well selected observation points might be more useful. In this case

artificial tracer experiments might be envisaged.

For steady state bulk water flow tracer theory presents practicable

mathematical tools for (numerical) simulations of tracer flow through large

scale aquifer systems. These groundwater models consider advective and

dispersive tracer flow as well as exchange processes between mobile and

immobile water and with the matrix. The scale-dependence of flow-dispersion,

however, needs further investigation.

Numerical geohydraulic groundwater models (finite element models) in

combination with multi-compartmental tracer models seems to be a promising way

to get a better insight into the actual groundwater flow. This deterministic

approach, however, suffers on the problem of how to handle variations in the

hydraulic conductivity being due to the inhomogeneous structure of the

aquifers, which highly influences flow-dispersion. Moreover inhomogenities of

the (leaky)confining beds cause spatial variations of the hydraulic

communication between the various groundwater bodies across these aquitards.

Stochastic handling of these inhomogenities seems to be an appropriate

procedure, the practical experience in this field, however, is still fairly

poor. The validity of (tracer) groundwater model estimates should be checked

by sensitivity tests of the applied model to variances of the individual model

parameters.

Finally it has to be clarified, whether the natural groundwater flow

regime is influenced by anthropogenic disturbances like changes of the

hydraulic head field caused by heavy groundwater extractions. Tracer

modelling of deep groundwater systems which contain paleowaters has to

consider unsteady bulk water flow due to climatic changes in the past.
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